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RANKIN EISENSTEIN CLASSES FOR MODULAR FORMS 


GUIDO KINGS, DAVID LOEFFLER, AND SARAH LIVIA ZERBES 


Abstract. In this paper we make a systematic study of certain motivic cohomology classes (“Rankin- 
Eisenstein classes”) attached to the Rankin-Selberg convolution of two modular forms of weight > 2. 
The main result is the computation of the p-adic syntomic regulators of these classes. As a consequence 
we prove many cases of the Perrin-Riou conjecture for Rankin—Selberg convolutions of cusp forms. 
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1. Introduction 

1.1. Background. Rankin-Eisenstein classes were first introduced by Beilinson in (Bei84j . in order to 
prove his general conjecture on the values of motivic L-functions for the value at s = 2 of the Rankin- 
Selberg convolution L- function L(f 1 g , s) associated to two cusp forms of weight 2. The Rankin-Eisenstein 
classes of Beilinson live in the motivic cohomology group 

^ Anot. (Yi(A) xFi(A), Q(2)) 

where Yj {N) is the modular curve classifying elliptic curves with a point of exact order N, and are 
obtained by push-forward of modular units along the diagonal. Beilinson mainly considered the regulator 
into Deligne cohomology 

r v : H^ ot (Yj (N) x F 1 (A),Q(2)) x Y^N) r,R(2)) 

and was able to compute explicitly the image of Rankin-Eisenstein classes under rx>■ Beilinson’s work 
was generalized by Scholl to the case of higher weight cusp forms (unpublished, but see jKin981 for similar 
results in the case of Hilbert modular surfaces). 

Extending Beilinson’s ideas in a different direction, Flach studied the image under the etale regulator 

ret : JlLt(ri(N) X Y 1 (N), Q(2)) H&Y^N) x Yi(iV), Q„(2)) 

of certain motivic classes closely related to Rankin Eisenstein classes, and used these to obtain finiteness 
results for the Tate-Shafarevich group of the symmetric square of an elliptic curve. 

In recent years the program of Bertolini-Darmon -Rotger on the systematic study of Rankin-Selberg 
convolutions in p-adic families gave a new impulse to the study of Rankin-Eisenstein classes, which they 
call Beilinson-Flaclr elements. Roughly, the work of Bertolini Damron Rotger is concerned with the 
syntomic regulator 

r syn : H^ ot (Yi(N) x Yi(N), Q(2)) -»■ H^ yn (Y 1 (N) Zp x Y^N) Zp , Q P (2)) 

and certain generalizations to p -adic families. One of the culmination points of their work are new results 
on the equivariant Birch-Swinnerton-Dyer conjecture for elliptic curves. 

The authors’ research was supported by the following grants: SFB 1085 “Higher invariants” (Kings); Royal Society 
University Research Fellowship “L-functions and Iwasawa theory” and NSF Grant No. 0932078 000 (Loeffler); EPSRC 
First Grant EP/J018716/1 and NSF Grant No. 0932078 000 (Zerbes). 
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The philosophy behind the conjectures of Bloch-Kato and Perrin-Riou made it plausible that one 
should be able to build an Euler system out of the Rankin-Eisenstein classes if one changes the level 
of hi (IV). This goal was achieved in the paper |LLZ14j . which made it possible to use the powerful 
Euler system machinery also for Rankin-Selberg convolutions. However, the theory in ILLZ14j used only 
weight 2 Rankin Eisenstein classes, and did not show that these were compatible in p-adic families with 
Rankin-Eisenstein classes of higher weight; and lacked strong results on the non-triviality of the Euler 
system, which are expected to result from an explicit reciprocity law. 


1.2. Our results. In this paper and its sequel, we shall construct three-variable families interpolating 
the Rankin-Eisenstein classes of all possible weights, and prove an explicit reciprocity law relating these 
to L-functions. Our approach to the explicit reciprocity law is completely different from the ones used 
so far. The construction proceeds in two steps. 

Firstly, we shall compute explicitly the syntomic regulators of the Rankin-Eisenstein classes (for cusp 
forms of level prime to p and arbitrary weights > 2) and identify them with special values of a p-adic L- 
function. It is crucial to note that we are dealing here with non-critical values of the complex L-function, 
i.e. points outside the range of interpolation. 

Secondly, we shall show that the etale classes vary in p-adic families as the weights change. The 
explicit reciprocity law is then a consequence of the compatibility between the etale and the syntomic 
regulator via the Bloch-Kato logarithm map, and the work of the second and third authors on p-adic 
interpolation of Bloch-Kato logarithms in families ILZ14] . 

As a consequence one gets an explicit relation between special values of the p-adic L-function at critical 
values, where it interpolates the complex L-function, with the image of the etale Rankin-Eisenstein classes 
under the dual exponential map. This is the desired explicit reciprocity law. 

The idea of proving an explicit reciprocity law in this upside down way is inspired by the conjecture 
of Perrin-Riou on special values of p-adic L-functions, which is the p-adic analogue of the Beilinson 
conjecture. Her conjecture states roughly, that even at special values where the p-adic L-function does 
not interpolate the complex L-function, there is still a direct relation between the value of the complex 
L-function and the p-adic one. 

That such a strategy for proving the explicit reciprocity law is successful relies on the following fact: 
The Rankin-Eisenstein classes for higher weight cusp forms are obtained by push-forward of Beilinson’s 
motivic Eisenstein classes via the diagonal to the product of modular curves 


CG 


[fc.fe'.i] 

mot 


: W mot (Y, TSym fc+fc,-2j Jif Q (n)) L^ ot (Y, TSym fc ® TSym fe ' jT q (n - j)) 


by what we call the Clebsch-Gordan map. But the syntomic and etale regulators of the Eisenstein 
classes were computed explicitly in [BK10] and lKinl3l already from the perspective of p-adic variation 
in families. 

We would like to note that in [BDR14b] Bertolini, Darmon and Rotger have also proved an explicit 
reciprocity law for Rankin-Eisenstein classes (in a one-variable p-adic family). Their strategy is related 
to ours, but with the important difference that they do not consider classes associated to higher-weight 
modular forms. Rather, they interpolate from specializations of a Hida family which are classical modular 
forms of weight 2 and high p-power level, using the results of Besser and the second and third authors 
on syntomic regulators for varieties with bad reduction |BLZ15j . 


1.3. This paper. In this paper we will extend the computations mentioned above in the syntomic case 
to Rankin-Selberg convolutions obtaining a direct relation with Hida’s p-adic L-function. We will not 
touch more difficult questions of p-adic interpolation in the etale cohomology, which will be treated in 
the sequel |KLZ15j . Note that this paper and its sequel are both extensions and generalizations of our 
earlier preprint [KLZ14j . 

Let /, g be cuspidal new eigenforms of weights k + 2, k! + 2 > 2, levels Nf, N g and characters £f,£ g . 
Denote by L(f,g,s ) the L-function for the Rankin-Selberg convolution of / and g. We assume p is an 
odd prime that does not divide NfN g . Recall that Hida has constructed a p-adic L-function for with 
the following interpolation property: for s an integer in the range k' + 2<s<fc + l, we have 


L P (f,g,s) 


£(f,g,s) _ r(s)T(s - k' -1) _ 

£(/)£*(/) ‘ 7r 2-fc'-i(_ i )fc-fc' 2 2»+fc-fc'(/,/) Ar/ ■ 


where £(f,g,s), £(/) and £*(/) are various Euler factors at p. Moreover, the function L p (f,g,s) varies 
analytically as / varies in a Hida family, and if g is ordinary it also varies analytically in g. 
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Now let s = 1 + j where 0 < j < min(fc, k'). Note that for these s we do not have a relation to the 
complex L-function. We shall define below a syntomic Rankin-Eisenstein class 

EisJ’n'd e H^(Y l {N)\TSy^ k '\^ p )(2 - j)). 

Projection to the (/, p)-isotypical component induces a map 

AJ synj/ , g :iJ s 3 yn (y 1 (iV)| p ,TSym[ fc ’ fc '](^ Qj) )(2-j)) — t(M(f ® g)*(~j)) Qp , 
which we call the syntomic AbePJacobi map, where 

t{M(f ® := M dR (f ® 5)7Fil' j M dR (/ ® g)*. 


is the tangent space of the dual of the motive M (/ ® g) associated to the Rankin-Selberg convolution of 
/ and g. This tangent space is dual to FiF + M dR (f <g) g). Our first main result shows that the class 

AJsyn,/,g (Eisi y ’ ni i^) G t(M(f (g) g) (— j))q p 

is directly related to the value of Hida’s p-adic L-function L p (f,g, s) at s = j + 1: 


Theorem 1 (see Theorem 16. 5. 91) . Let 0 < j < min(fc, k'). There is a certain differential form gj ®u' g G 
FiF +1 M dR (/ ® p) sitc/i that the natural pairing with AJ S yn,f,g (Eis^y’^^jy- J gives 



syn ,f,g 



syn,l J 


Vf 


>u' g ) = {-if- i+1 {ky.^ 




£(f,9 , 1 + j) 


L P (f,g,i + j), 


where the factors £(f, g, 1 + j), £{f) and £*(f) are as above. 


The special case k = k! = j = 0 of this theorem was proved in [BDR14a] (their result is formulated in 
terms of the value at s = 2, but one can use the functional equation to translate to s = 1; see [LLZ141 
Theorem 5.6.4]). The above theorem extends this to all ( k, k!,j) at which the construction makes sense. 

It is important to note that the complex L-function L(/, p, s) vanishes to the first order at s = j +1 so 
that there is no classical interpolation at this value. The idea of Perrin-Riou is that after inserting certain 
periods £loo(J + 1) and kl p (j + l,u) one can extend the relation between the complex L-function and 
the p-adic one also to the points where there is no classical interpolation. To prove such a statement we 
make a computation in Deligne cohomology analogous to Theorem 1 in syntomic cohomology (replicating 
earlier unpublished work of Scholl). Combining this with Theorem 1, we obtain the main result of this 
paper, which is a special case of the conjecture of Perrin-Riou: 


Theorem 2 (see Theorem 17. 2. 61) . Let L p (f,g,s) be Hida’s p-adic Rankin-Selberg L-function and let 
0 < j < min(fc, k'). Suppose that Ll p (j + 1, v) ^ 0 holds. Then 


L P (f,g,j 


1) 


= + l)r(j - k')*G[ef L )G{e~ 1 ) 


O, 


(j + i.M 


1 “<P 


<~t) 


-f-i. 


r ^'{ p }(fi9ij + 1 ) 

{j + 1) 


where T(j — k')* 


Cfc'-j)! 


is the residue ofT(s) at s = j — k'. 


Note that both sides of the above equation lie in L x . Perrin-Riou’s conjecture can also be formulated 
for j < 0, but in this range the order of vanishing of L'(/, p, 1 + j) is 2, and our methods do not apply 
in this case. 

We would like to mention that so far there are only very few cases where the conjecture of Perrin-Riou 
has been proven. Besides the case of Dirichlet L-functions (essentially treated by Perrin-Riou), only the 
cases of modular forms [Niki lj and certain elliptic curves with complex multiplication [BK11I are known. 


1.4. Acknowledgements. The authors are very grateful to Massimo Bertolini, Henri Darmon, and 
Victor Rotger for many inspiring discussions, in which they shared with us their beautiful ideas about 
Beilinson Flach elements. The authors also would like to thank the organizers of the Banff workshop 
“Applications of Iwasawa Algebras” in March 2013, at which the collaboration was initiated which led 
to this paper. Part of this paper was written while the second and third author were visiting MSRI in 
Autumn 2014; they would like to thank MSRI for the hospitality. 
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2. Geometrical preliminaries 


In this section, we recall a number of cohomology theories attached to algebraic varieties (or more 
general schemes) over various base rings, and the relationships between these. The results of this section 
are mostly standard, but one aspect is new: we outline in H2.5l how to extend Besser’s finite-polynomial 
cohomology to cover general coefficient sheaves. 

2.1. Cohomology theories. We begin by introducing several cohomology theories associated to alge¬ 
braic varieties (or, more generally, schemes). The most fundamental of these is motivic cohomology: 

Definition 2.1.1 (Beilinson, |Bei84j l. If X is a regular scheme, we define motivic cohomology groups 

^mot (X, Q(n)) := Grl K 2n -i{X) 0 Q, 

the n-th graded piece of the 7 -filtration of the (2 n — i)-th algebraic K-theory of X. 

Remark 2.1.2. This definition is compatible with the definition due to Voevodsky used in ILLZ14] . 
Voevodsky’s motivic cohomology can be defined with Z-coefficients, but in this paper we shall only 
consider motivic cohomology with Q-coefficients (as we will need to decompose the motivic cohomology 
groups into eigenspaces for the action of a finite group), so the older definition via higher TT-theory 
suffices. 

We will also need to work with several other cohomology theories. In each of these there is an 
appropriate notion of a coefficient sheaf: 

• etale cohomology, with coefficients in lisse etale Q p -sheaves (for schemes on which the prime p 
is invertible); 

• algebraic de Rham cohomology (for smooth varieties over fields of characteristic 0), with coeffi¬ 
cients in vector bundles equipped with a filtration and an integrable connection V; 

• Betti cohomology (for smooth varieties over C), with coefficients in Q or more generally locally 
constant sheaves of Q-vector spaces; 

• Absolute Hodge cohomology (for smooth varieties over R or C), with coefficients in variations 
of mixed R-Hodge structures; 

• rigid cohomology for smooth Z p -schemes, with coefficients in overconvergent F-isocrystals; 

• rigid syntomic cohomology for for smooth Z p -schemes, with coefficients in the category of “ad¬ 
missible overconvergent filtered F-isocrystals” defmeqj in | Ban021 IBKIOI . 

We denote these theories by Rf (...), for T € {et, dR, B, H, rig, syn}. We sometimes write et for etale 
cohomology over Q. We write Q 7 - for the trivial coefficient sheaf, and Q 7 -(n) for the n-th power of the 
Tate object in the relevant category. (For Betti cohomology we take Q b = Q, and Q b(^) = (2ni) n Q C 
C.) 

Remark 2.1.3. We shall occasionally abuse notation slightly by writing Hlj-(Y), for Y a scheme over a 
ring such as Z[1/7V]; in this case, we understand this to signify the cohomology of the base-extension 
of Y to a ring over which the cohomology theory 7” makes sense. Thus, for instance, we write Hl yn {Y ) 
or HtpfY) for Y a scheme over Z[1/7V], and by this we intend H* yn (Yz p ) and Hf,(Yji) respectively. 
This convention makes it significantly easier to state theorems which hold in all of the above theories 
simultaneously. 

For any of these theories, we can define higher direct images of coefficient sheaves for smooth proper 
morphisms, and we have a Leray spectral sequence. (For syntomic cohomology this was shown in the 
PhD thesis of N. Solomon, [S 0 IO 8 ] .) 

Remark 2.1.4. All our coefficients are of geometric origin, and in fact the cohomology with coefficients 
Wj-(X, .^ 7 -) we use arises as a direct summand of an appropriate B l r {Y, Q 7 -) by decomposing the Leray 
spectral sequence for some map Y —> X. 

2.2. Comparison maps. The above cohomology theories are related by a number of natural maps. 
Regulator maps. Firstly, for each T there is a “regulator” map 

r T : H^ ot (X, Q(n)) H' T {X, Q r (n)). 

These maps are compatible with cup-products, pullbacks, and pushforward along proper maps. 

Remark 2.2.1. For the compatibility of the syntomic regulator r syn with pushforward maps, see [DM12] . 

^The definition of this coefficient category and the associated cohomology theory in fact depends not only on X , but 
also on a choice of a suitable smooth compactification X\ but we shall generally suppress this from the notation. 


4 













Geometric comparison isomorphisms. We have the following well-known comparison isomorphisms. Firstly, 
if Xc is a smooth variety over C one has a comparison isomorphism 


( 2 . 2 . 1 ) 


ff’ R (Ic,C)-^(Xc(C),C). 


compatible with ?'s,rdR- 

If Xc = Ar x r C for some variety Xr over R, then both sides have an R-structure 

H' dR (X r,R) 0 C ^ 4(X r (C),R) ®C 

which are not respected by the comparison isomorphism, but id(0c on the left hand side (where c : C —> C 
is complex conjugation) corresponds on H l B ( Xr(C),R)®C to the map Foo = F^ig>c, where F x denotes 
pullback via the complex conjugation automorphism F^ of the topological space A'r(C). As usual we 
define flj,(A R (C), Q(n)) ± := flj,(A R (C), Q(n)) ? “ =±1 where Q(n) := (27ri)"Q. 

Similarly, let X be a smooth Z p -scheme, and suppose that we can embed X in a smooth proper Z p - 
scherne X as the complement of a simple normal crossing divisor relative to Spec Z p (so that SC = (A', A) 
is a smooth pair in the sense of IBK101 Appendix A]). Let SC be any admissible overconvergent filtered 
F-isocrystal on A; then we can define de Rham and rigid realizations J^dR and and one has an 

isomorphism 

( 2 . 2 . 2 ) 

If A q 
(2.2.3) 


H l dR (X Qp ^ dR )^W lig (X,J? rig ). 

is a smooth variety over Q p one has Faltings comparison isomorphism 
compdR : r(A”q p , Q p ) 0 BdR = (Aq , Q p ) 0 BdR 


where BdR is Fontaine’s ring of periods; and this isomorphism is Gal(Q p /Q p )-equivariant, if we let the 
Galois group act trivially on H^ r (Xq p /Q p ) and via its native action on FJ t (AQ , Q p ). This isomorphism 
is also compatible with the nitrations on both sides, and with the regulator maps r<5 1 , rdR (for the variety 
" Y Q P )- 

If A is itself proper, then rigid cohomology coincides with crystalline cohomology, and one has a 
comparison isomorphism refining (12.2.31) , 


(2.2.4) 


comp cris : F ri „ (A, Q p ) 0 B cr ; s — F^(A’q , Q p ) 0 B 


compatible with Gal(Q /Q p ) and with the Frobenius ip. 


Remark 2.2.2. One can check that if A is non-proper, but can be compactified to a smooth pair SC, then 
the etale cohomology of Aq p is crystalline. Hence, combining equations (12. 2. 2D and (12. 2. 3D . we have a 
canonical isomorphism of the form (12.2.4D : but it is not clear if it commutes with the action of p when 
A is non-proper. 


Remark 2.2.3. Note that we have not attempted to define a version of (12. 2. 3D or (I2.2.4D with coefficients, 
as it is not clear what the appropriate category of coefficient sheaves should be. 

2.3. The Leray spectral sequence and its consequences. For any of the cohomology theories 
T G {et, et, dR, B, H, rig, syn}, and a variety A with structure map ir : X —» Spec Rj- where Rp is the 
appropriate base ring, we have a Leray spectral sequence 

T E l 2 j = H l r (Spec Rp, R j ir*&) => Hp j ( A, SC). 

For the “geometric” theories T € {et, dR, B, rig} this is not interesting, as the groups F^-(Spec Rp, —) 
are zero for i ^ 0. However, it is interesting for the “absolute” theories T € {V, et,syn}. 

Deligne cohomology and absolute Hodge cohomology. For a smooth variety a : Ar — > Spec R one can 
define the Dcligne-Beilinson cohomology groups F{,(Ar,R(ii)) in terms of holomorphic differentials 
with logarithmic poles along a compactification. These groups are connected with de Rham and Betti 
cohomology via a long exact cohomology sequence 
(2.3.1) 


F"7^ r (A r ,R) Hr(A" r (C),R( n - 1))+ -> ^'(Ar,R( n)) 


F n H m \ A r ,R) 


Recall the definition of absolute Hodge cohomology. Let MHS R be the category of mixed R-Hodge 
structures Mr carrying an involution F a0 : Mr — >• Mr, which respects the weight filtration and such 
that F oo : Mr ®C-> Mr 0 C respects the Hodge filtration. For any separated scheme Ar — > Spec R 
of finite type Beilinson IBei86] has defined a complex FF(Ar, R(n)) G D b (MHS R ) whose cohomology 


















groups are the mixed Hodge structures -H*(Ar(C), R(n)) with the involution F^. The absolute Hodge 
cohomology of A'r is by definition 


4(^R,R(")) : = Hom D i> (JVfi y iS + ) (R(0), -RT(Ar, R(n))) 

and one has a short exact sequence 
(2.3.2) 

0^Ext 1 MHS +(R(0),H t B ~ 1 (X R (C) 1 R(n))) -HT H (AR,R(n)) ^ Hom MffS +(R(0), ^(A R (C), R(n))) 0. 

The computation of the Ext-groups of Mr £ MHS ^ is standard and one has 


Hom MffS+ M n) = WbM+ n Fil° Me, 


Ext MffS+( R (°)’ MR ) 


W 0 M+ 

W 0 M+ + Fil° M+' 


In the case where a : A"r — > SpecR is smooth and the weights of Ar, R(n)) are < 0 the absolute 
Hodge cohomology coincides with the Deligne-Beilinson cohomology Rr(Ar, R(n)). The advantage of 
absolute Hodge cohomology is that one can define this theory also with coefficients. 

Let MHMr(Xr) be the category of algebraic R-mixed Hodge modules over R of Saito (this means 
a Hodge module over Ac together with an involution of F see IHW981 Appendix A] for more details). 
For any Mr € MJTMr(Ar) one defines 


H l n (X n ,M R ) := /THom M R MR(XR) (R(0),M R )). 


In the case where Mr = R(n) one has the adjunction 


RHom MffMR ( XR )(R(0),R(n))) = I?Hom Db(MffS + ) (R(0), Ra*R(n))) 

and Ra*R(n) = RT( Ar, R(n)). This interprets the above results in terms of the Leray spectral sequence 
for i?a*. 


Syntomic cohomology. The theory of syntomic cohomology, for smooth pairs ( X , A') over Z p , is closely 
parallel to that of absolute Hodge cohomology. An overconvergent filtered isocrystal on Spec Z p is simply 
a filtered ^-module, in the sense of p-adic Hodge theory, and the cohomology groups H] yn (Spec Z p , D) 

are given by the cohomology of the 2-term complex Fil° D D ; thus we have 


(2.3.3) 


R s ° yn (Spec Z p , D) = D v=1 n Fil° D, H ' yn (Spec Z p , D) 


D 

(1 - <p) Fil° L>' 


For a general smooth pair (A, A), and & an admissible overconvergent filtered F-isocrystal on A, the 
comparison isomorphism H^ r (Xq p , ^r) — H pig (X, ^ r i g ) allows us to interpret these spaces as a filtered 
tp-module, which we shall denote by i?* ig (A, this is precisely the higher direct image where 

7 r : A —> Spec Z p is the structure map. Exactly as in the complex case, the Leray spectral sequence 
becomes a long exact sequence 


(2.3.4) ■ ■ ■ -> Hi yn ( X, &) -»■ Fil° H' ak ( X Qp , ^ dR ) ^ R* ig ( A, J? lig )^..., 

which is the p-adic analogue of the long exact sequence (12.3.11) . 


Etale cohomology. Let A be a smooth variety over a field K of characteristic 0, and & a lisse etale sheaf 
on A. Then we have a Leray spectral sequence 

= Hi t (SpecK,Hi(X w ,J?)) =► H% j (. X,&). 

In general, this must be interpreted in terms of Jannsen’s continuous etale cohomology |.Tan88aj : we 
shall only use this for K = Q p , in which case continuous etale cohomology coincides with the usual etale 
cohomology. 

If A q is a smooth variety over Q, then Aq admits a smooth model A' over Z[l/S] for some set of 
primes S (with p £ S without loss of generality); and if & is of geometric origin, then it will extend 
to a lisse Q p -sheaf on A for large enough S. Then the cohomology groups LP(Aq-, j^ - ) are unramified 
outside S, and this sequence becomes 

iT(Gal(Q s /Q), iP(Ag, &)) => Hi+ j (X,&). 
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2.4. Compatibility of etale and syntomic cohomology. Let D be a filtered (^-module over Q p . As 
noted above, we can regard D as an overconvergent filtered F-isocrystal on Spec Z p , and the cohomology 
groups HI {Spec Z p , D) are given by the formulae (12.3.31) . 

If D = D cr ; s (I/) for V a crystalline Gq p -representation, then we have canonical maps 


H: yn (SpecZ p ,D)^H'(Q p ,V) 
arising from the Blocli-Kato short exact sequence of Gq p -modules 
(2.4.1) 0-- V -- V <g> B cris -► (V ® B cris ) ®(V® B dR /B+ R )-- 0. 

The map H* (Spec Z p , D) — > H l ( Q p , V) is an isomorphism for i = 0, and for i = 1 it is injective, with 
image the subspace Q p , V) parametrizing crystalline extensions of the trivial representation by V. 
The resulting isomorphism 

D — i 

-n-Q„,F) 

(1 — ip) Fil° D f P 

is denoted by expq v in )LVZ14j : it satisfies expq y o (1 — ip) = expq p v , where expq p y is the Bloch- 
Kato exponential map. 


Remark 2.4.1. If D is a filtered </?-module over Q p , then the space D/{ 1 — ip) Fil° D is easily seen to 
parametrize extensions (in the category of filtered (^-modules) of the trivial module by D, and the map 
expq^y is just the natural map Ext* Fil (l, D cr i s (E)) -► Extq Q (1, V"). 


Then we have the following theorem: 


Theorem 2.4.2 (Besser, Niziol). 

(1) Suppose X is smooth and quasi-projective. Then there is a natural map 

comp : H l syn {X, Q p (n)) -)• Hl t (X Qp , Q p (n)), 
for each n, fitting into a commutative diagram 


(2.4.2) 


W mot (X,Q(n)) H^ yn (X, Qp(n)) 

comp 

HLt( x Q P M(n)) Hi t (X Qp ,Q P (n)). 


where the left vertical map is given by base extension. 

(2) If X is projective, there is a morphism of spectral sequences s ^ n E lJ —>■ et E lJ for each n, compatible 
with the morphism comp on the abutment; and on the E 2 page the morphisms 


Hi yn { Spec Zp, HI k {X, Qp(n))) -»■ W(Q P , H^X q , Q p (n))) 


are given by the exact sequence (12.4.11) for V = H? t (X q , Q p [n)), together with the Faltings com¬ 
parison isomorphisms comp dR : HfJX, Q p ) = H^ R (X, Q p ) = D dR (fl| t (Xq , Q p )) of (12.2.31) . 

Proof. See [BesOObj . Corollary 9.10 and Proposition 9.11. □ 


We will use this in H5.4l below. to show that the Abel Jacobi maps for syntomic and etale cohomology 
are related by the Bloch-Kato exponential map. 


2.5. Finite-polynomial cohomology. In order to evaluate the syntomic regulators, we will make use 
of a family of cohomology theories defined by Besser jBesOOal . depending on a choice of polynomial 
P € 1 + TQ p [T]; these reduce to syntomic cohomology when P(T ) = 1 — T. Besser’s theory is described 
in op.cit. for coefficient sheaves of the form Q p (n), and we briefly outline below how to extend this to 
more general coefficient sheaves. 

Let A be a smooth Z p -scheme, and & an admissible overconvergent filtered F-isocrystal on X (or, 
more precisely, on some smooth pair (A', A') compactifying A). 

Definition 2.5.1. For a polynomial Pel +TQ P [T], we define groups f/f p (A, P) by replacing 1 — ip 
with P{tp) in the definition of rigid syntomic cohomology with coefficients (cf. [BKlOl Appendix A]/ 

We also define compactly-supported versions H^ p C (A, P) similarly (cf. [Besl2 ] ). 
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Remark 2.5.2. When & = Q p (n) for some n, these groups reduce to Besser’s original finite-polynomial 
cohomology (cf. [BesOPaj ). but with a different numbering: in Besser’s theory lp! yrl (X, Q p (n)) corresponds 
to taking P(T) = 1 — T/p n , whereas if more general coefficients are allowed, it is more convenient to 
number in such a way that syntomic cohomology always corresponds to P(T) = 1 — T, whatever the 
value of n. 


Exactly as in the case of syntomic cohomology (see (12.3.41) above), we have a long exact sequence 
•••-»• K(X, P) -t Fil° H' dR (X Qp , ^ dR ) — Hi ig (X, P) -»• • ■ • 

and similarly for the compactly-supported variant; and there are “change-of-P” maps fitting into a 
diagram 


H} p (X, P) — Fil° H' dR (X Qp , Jf dR ) 


p {v) 


HIiJXj&rig)-*- . . . 


id 


Q(<p) 


PQ(ip) 


■ • • PQ) — Fil u H' dR (X Qp , & dR ) —^ W lig (X, J? rig )^ ... 

Definition 2.5.3. Exactly as in the case of Tate-twist coefficients in I lies 12! §2], we define cup products 


Ht p (X,J?,P) x Hi tC (X,9,Q) — H£i(X,&®&,P*Q), 
where the polynomial P * Q is defined by the formula 

(na - * (nd - hr) j - ii(i - oipjT). 

These cup-products are compatible with the change-of-P maps, in the obvious sense. They also 
satisfy a more subtle compatibility with the long exact sequence: the cup-product Pf p (X, P) x 

H( p C (X, Sf, Q) U ► Hf+ 3 c (X, & ® Sf, P * Q) is compatible with the cup-products 

P f “(SpecZ p ,P; ig (5,^),P) x Hf p (S V ecZ p ,H^ c (S^),Q) -+ H?+ v (Spec Z p , H^ C (S, & ® Sf), P* Q). 

If the polynomial P satisfies P{p~ x ) d 0; and X is connected and has dimension d, then there is a 
canonical isomorphism 

tr fp ,x : H™+\X,Q P (d+l),P) — Q P 

given by p ^_rj tr r i gl x:, where tr r i gi .Y : P r 2 ig C (X, Q p ) = Q p is the trace map for rigid cohomology; the 
inclusion of the factor p ^ p _i) makes this map compatible with the change-of-P maps. For polynomials 
P, Q with (P * Q)(p -1 ) d 0, we thus have a pairing 

<-,->fp,x :Hi p (X,^,P)xH^+ 1 ~ i (X,^(d+l),Q)^Q p 
given by composing the cup-product with the map trf P: A'- 


3. Modular curves and modular forms 

We now introduce the specific geometric objects to which we will apply the general theory of the 
previous section: the modular curves Y\ (N), and various coefficient sheaves on these curves. 

3.1. Symmetric tensors. If H is an abelian group, we define the modules TSym fc H, k > 0, of sym¬ 
metric tensors with values in H following IKinl3i §2.2]. By definition, TSym k H is the submodule of 
©/c-invariant elements in the fc-fold tensor product H ® ■ ■ ■ <S> H (while the more familiar Sym fc H is the 
module of ©fc-coinvariants). 

The direct sum Q) k>0 TSym fe H is equipped with a ring structure via symmetrization of the naive 
tensor product, so for h E H we have 

^0 0 /x® m • /i® n = ( w n)\ ^( m +n) 

m\n\ 
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Remark 3.1.1. There is a natural algebra homomorphism Sym* H —» TSym* H, which becomes an 
isomorphism in degrees up to k after inverting k\. However, in the sequel to this paper we will be 
interested in the case where H is a Z p -module, and k varies in a p-adic family, so we cannot use this fact 
without losing control of the denominators involved; so we shall need to distinguish carefully between 
TSym and Sym. 

Similarly, one can define TSym fe M for a module over any commutative ring A (e.g. for vector spaces 
over a field). Note that in general TSym fe does not commute with base change, and hence does not 
sheafify well. In the cases where we consider TSym fc (.ff), H is always a free module over the coefficient 
ring, so that this functor coincides with T k (H ), the /c-th divided power of H. 

This functor sheafifies (on an arbitrary site), so that the above definitions and constructions carry 
over to sheaves of abelian groups. Thus, for any of the cohomology theories T £ {B, et, dR, syn, rig, V}, 
and & an object of the appropriate category of coefficient sheaves, we can define objects TSym fc &. We 
use this to make the following key definition: 

Definition 3.1.2. Let 7 r : £ —> Y be an elliptic curve such that £ and Y are regular. For T £ 
{B, et, dR, syn, rig, T>}, we define an element of the appropriate category of coefficient sheaves on Y 
by 

= (fl 1 7T„Q r ) v . 

3.2. Lieberman’s trick. 

Definition 3.2.1. For an integer k > 0, let G k be the symmetric group on k letters, and let T/ c be the 
semidirect product p k * Sfc- We define a character 

'■ > P -2 

(m, ■ • • ,?7fe,cr) rji • • •77feSgn(cr). 

(Cf. ISch981 §A.1].J 

Let 7r : £ — > Y be an elliptic curve such that £ and Y are regular. Let n k : £ k —» Y be the fc-fold fibre 
product of £ over Y. On £ the group p 2 acts via [—1] : £ —> £ , and on £ k the symmetric group & k acts 
by permuting the factors. This induces an action of the semi-direct product T k on £ k . 

Definition 3.2.2. Let 

^mot (F, TSym fe := H l + k {£ k , Q (j + k))(e k ) 

be the E k -eigenspace. 

The next result, which is a standard application of Lieberman’s trick, justifies the above notation. 
Cf. IBkTO , Lemma 1.5]. 

Theorem 3.2.3. Let T £ {B, et, et, dR, syn, rig, V}, and Qr,J^r be the realizations of Q,Jif in the 
respective categories. Then one has isomorphisms 

Hi+ k (£ k ,Qr(j + k))(e k ) = H' r (Y, TSym fc 

Moreover, the regulator map rj- commutes with the action ofTik, and thus gives a map 
r r : ^ ot (F,TSym fe JFq(j)) W T (Y, TSym fc 

Proof. This is immediate from the fact that [—1]* acts on R l n^Qj- by multiplication with [— l] 2_z and the 
isomorphism Jtfj- = l? 1 7 r*Q 7 -(l) induced from the Tate pairing once one has a Leray spectral sequence. 

□ 

Remark 3.2.4. In the case when Y is a smooth Z p -scheme, we can use Lieberman’s trick to extend the 
comparison morphisms comp and comp dR , defined above for cohomology with coefficients that are twists 
of the Tate object, to sheaves of the form TSym fe AY. By identifying H* yn (Y, TSym fe ( I ^ c ’)(r)) with a 
direct summand of H l sy k (£ k , Q p (r + fc)), and similarly for etale and de Rham cohomology, we obtain 
maps 

comp : Hi yn (Y,TSym k (jr Qp )(r)) -> H\ t (Yq p , TSym fc ( j^q p )(r)) 

and isomorphisms 

comp dR : ^ R (bQ p ,TSym fe (^ Qj ,)(r)) ^ D cris (^ t (Fq p ,TSym fc (^ Qp )(r))). 
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3.3. Modular curves. We recall some notations for modular curves, following IKat041 §§1-2]. For an 
integer N > 5, we shall write Y\ (iV) for the Z[l/iV]-scheme representing the functor 

S i-)- {isomorphism classes ( E , P)} 

where S' is a Z[1/TV]-scheme, E/S is an elliptic curve, and P £ E(S ) is a section of exact order N 
(equivalently, an embedding of the constant group scheme Z/NZ into E). 

We use the same analytic uniformization of Yi(iV)(C) as in [Kat041 1.8]: 

t 1 {n)\h^y 1 {n)(c) 

r (C/(Zr + Z), l/N) 

where H is the upper half plane and Ti(N) := {(J {) mod N} C SL 2 (Z). 

Let Tate(g) be the Tate curve over Z((g)), with its canonical differential w can . Let (jv := e 2m / N - 
then the pair (Tate(g), £jv) defines a morphism SpecZ[£jv, 1 /-/V]((g)) —> Y\(N) and hence defines a cusp 
oo. The g-development at oo is compatible with the Fourier series in the analytic theory if one writes 
q := e 27rir . 

Remark 3.3.1. Note that the cusp oo is not defined over Q in our model; so the g-expansions of elements 
of the coordinate ring of Yi(N) q, or more generally of algebraic differentials on Yj (TV) with values in 
the sheaves Sym fc jYq, do not have g-expansion coefficients in Q. 

The curves Y\ (N) are equipped with Hecke correspondences T n and T' n for each integer n > 1, defined 
as in IKatf)41 §2.9 & §4.9]. 

Remark 3.3.2. Note that the action of the operators T n on de Rharn cohomology is given by the fa¬ 
miliar g-expansion formulae, while the operators T' n are the transposes of the T n , which have no direct 
interpretation in terms of g-expansions when n is not coprime to the level. 


3.4. Motives for Rankin convolutions. Let f,g be normalized cuspidal new eigenforms of weight 
k+2 , k'+ 2, levels Nf , N g and characters e(/), e(g). We choose a number field L containing the coefficients 
of / and g. 

From the work of Scholl |Sch90| . one knows how to associate (Grothendieck) motives M(f ), M(g) with 
coefficients in L to f,g. We denote by M(f < 8 > g) the tensor product of these motives (over L), which is 
a 4-dimensional motive over Q with coefficients in L. 


Definition 3.4.1. For T £ {dR, rig, B, et} (the “geometric” cohomology theories) we write Mj-(f (g> g) 
for the T-realization of M, which is the maximal L Q 7 --submodule of 

H%-(Yi(N f ) x Fi(Ag, Sym (fc ’ fc ') Jg”) ® Q L 


on which the Hecke operators (Tg, 1) and (1 ,T^) act as multiplication by the Fourier coefficients ae(f) 
and ae(g) respectively, for every prime l (including l \ NfN g ). 


Note that this direct summand lifts, canonically, to a direct summand of H 2 ^-, since / and g are 
cuspidal. 

The Hodge filtration of M<jr(/ ® g) is given by 


dim L Fil n M dR (/ (g> g) 


4 n < 0 

3 0 < n < min{/c, A/} + 1 
< 2 min{fc, k 1 } + 1 < n < max{A, k'} + 1 
1 max{fc, k'} + l<n<k + k' + 2 
0 k + k' + 2 < n. 


In particular, if n = 1 + j with 0 < j < min(/c, k'), the space Fil 1+J MdR(/< 8 > 5 ) = Fil° M<m(f ® ff)(l +j) 
has dimension 3 over L. 


Definition 3.4.2. Dually, we write Mq-(f ® g)* for the maximal quotient of 

H^Y^Nf) x Yi(N g ), TSym^ ,fe ^ jT r (2)) ® Q L 

on which the dual Hecke operators (Tf 1) and (1 ,Tf) act as multiplication by ap(f) and ae(g). 
Remark 3.4.3. The twist by 2 implies that the Poincare duality pairing 

Mp{f <8> g) x Mp(f ® g)* -t L Qr 
is well-defined and perfect, justifying the notation Mq-(f Cg> g)*. 
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Definition 3.4.4. Let 


t{M{f ®g)(j)) 


M dR (f®g)(j) 
Fil° M dR (f <g> g){j) 


t{M(f ®g)*(-j)) 


be the tangent spaces of the motives M(f <g) g)(j) and M(f ® g)*(—j). 


Mds.(f ® g)*(~j) 
Fil °M AR (f®g)*(-j) 


Note that t(M(f <g> g)*(—j)) is the dual of the L-vector space Fil 1+J M dR (f <g> g); so for 0 < j < 
min(fc, k') it is also 3-dimensional over L. This tangent space will be the target of the Abel Jacobi maps 
in 115.41 below. 


3.5. Rankin L-functions. Let /, g be cuspidal eigenforms of weights r,r' > f, levels Nf,N g and 
characters £f,e g . We define the Rankin L- function 


L{f,g,s) 


1 

L (N f N g ){ £ f £ gi 2s + 2 — r - r') 


£«»(/K(<0» s , 

n>l 


where T(jv / w g )(£/£g; s) denotes the Dirichlet L-function with the Euler factors at the primes dividing 
NfN g removed. 


Remark 3.5.1. This Dirichlet series differs by finitely many Euler factors from the L-function L( 7 ry® 7 r s , s) 
of the automorphic representation 7 r/ <g) n g of GL 2 x GL 2 associated to / and g. In particular, it has 
meromorphic continuation to all of C. It is holomorphic on C unless (f,g) ^ 0, where / = ^a"„(/)( 7 ™, 
in which case it has a pole at s = r. If / and g are normalized newforms and (Nf,N g ) = 1, then 


Theorem 3.5.2 (Shimura, |Shi77j l. For integer values of s in the range r' < s < r — 1, we have 

L(f,g,s) ~ 

n 2 S -r’ + l {f J) Nf 

where (/i,/ 2 )jv is the Petersson scalar product of weight r modular forms defined by 

[ fi(T)f 2 (T)^(T) r ~ 2 dx Ady. 

dr 1 (N)\H 


More precisely, we have the Rankin-Selberg integral formula 


(3.5.1) 


L(f,g,s) = AT 


2s — r' + l/.-p— r'n2s+r—r' 
r+r'-2s-2 _ \ L ) z _ 


r(s)r(s-r' + 1) 


f’9 E l/N ( r -s 



N 


where > 1 is some integer divisible by Nf and N g and with the same prime factors as NfN g , and 
E\/n d T ’s — r+l) is a certain real-analytic Eisenstein series (cf. {LLZ14I , Definition 4.2.1]), whose values 

for s in this range are nearly-holomorphic modular forms defined over Q. 

The next theorem shows that the algebraic parts of the L- values L(f 1 g 1 s ), for s in the above range, 
can be p-adically interpolated. 


Theorem 3.5.3 (Hida). Let p \ NfN g be a prime at which f is ordinary. Then there is a p-adic L- 
function L p (f,g) € Q p <8>z p Z p [[r]] with the following interpolation property: for s an integer in the range 
r' < s <r — 1, we have 


L P (f,g,s) = 


£(f,g,s) 


r(s)r(s-r' + i) 


£(f)£* (/) IT 28 " r ' ’+1 (_i)r-r' 2 2.+r-r' (/j f) Nf 

where the Euler factors are defined by 

£(f)=( i- Pf 


Hf,g,s) 


paf 

£*(f) =(i~ — 

a f 


£{f,g,s) = 1 - 


p 


s —1 


a f a g J 


1 - 


P 


s-l 




1 - 


pS 


1 - 


M 

p s 


Moreover, the function L p (f,g,s) varies analytically as f varies in a Hida family, and if g is ordinary 
it also varies analytically in g. 


Remark 3.5.4. 


li 


















(1) The L -function L p (f, g , s) considered here is N 2s+2 ~ r ~ r 'V p (f , g, 1 /N, s) in the notation of [LLZ14I , 
§5]. We include the power of N in the definition because it makes L p (f,g, s) independent of the 
choice of N. 

(2) The complex L-function L(f,g,s) is symmetric in / and g , i.e. we have L(f,g,s) = L(g,f,s), 
but this is not true of L p (f , g , s). 

(3) The construction of L p (f,g 1 s ) has recently been extended to the non-ordinary case by Urban 
|Urbl4i . who has constructed a three-parameter p-adic L-function with /, g varying over the 
Coleman-Mazur eigencurve; but we shall only consider the case of ordinary /, g in this paper. 

4. Eisenstein classes on Yi(N) 

4.1. Motivic Eisenstein classes. The fundamental input to the constructions of this paper are the 
following cohomology classes first constructed by Beilinson: 

Theorem 4.1.1. Let N > 5 and let b £ Z/fVZ be nonzero. Then there exist nonzero cohomology classes 
(“motivic Eisenstein classes”) 

Eis mo t,b , AT ^ -^mot (Fi(AO,TSym fe ^ Q (l)) 
for all integers k > 0, satisfying the following residue formula: we have 

resoo (EisLtAw) = ~N k ((-l - k). 

Proof. By the construction in Bl.l) 1. §6.4] there is associated to the canonical order N section tjv of the 
universal elliptic curve £ over Yi(N) a class S k ^ b £ 7J,] lot (yi(fV), TSym fc J^(l)), which is essentially 
the specialization of the elliptic polylogarithm at Hn- It has the property that Bl.l) 1 . 6.4.5] 

r et(<^ot 2 b) = -^V fc_ 1 contr^ Qp ((&< iv )*pol fe+1 ) 

where the right hand side is the notation of lKinl3l 54.21. Now we set Eis__.. .. »r := by the 

residue formula of [Kinl31 Theorem 5.2.2] we see that Eis^ b N has the stated residue at oo. □ 

Remark 4.1.2. Note that the residue formulae of (Kin 13; include an extra factor of N, since the residue 
map at oo of Yi(N) and Y(N) differ by this factor; and a factor of k\ arising from the fact that the 
canonical map Z p = Syrn Z p —> TSyrn Z p = Z p is multiplication by k\ (cf. |Kinl31 Lemma 5.1.6]). 

Remark 4.1.3. For k = 0, we have H) wt (Yi(N),Q(l)) = 0(Yi(N)) x ® Q, and the Eisenstein class 
EisLt, b Ar is simply the Siegel unit p 0 ,b/jv in the notation of [Kat04] . 

4.2. Eisenstein classes in other cohomology theories. As a consequence of the existence of the 
motivic Eisenstein class, we immediately obtain Eisenstein classes in all the other cohomology theories 
introduced above: we define 

Eisr,6,Ar = r T (EiSm 0t b Ar ) • 

In particuar, we have the following: 

• An etale Eisenstein class 

Eis|t,&,jv G ^(Ei(IV)[l/p],TSym fc ^ Qp (l)). 

• A de Rham Eisenstein class 

EiSdR,b,Ar G ^ R (Fi(IV)Q,TSym fc ^ Q (l)). 

• An Eisenstein class in absolute Hodge cohomology 

Eis k HA N G L^(Fi(7V)r, TSym fe JT r (1)) 

whose image in H^ r (Yi(N)ji, TSym fc JZ r( 1)) coincides with the image of Eis*jR b ,N under ®R. 

• A syntomic Eisenstein class 

Eis s fc yn , biJV G Hl yn (&, TSym fe jr Qp (l)), 

for any p \ N, where ZY denotes the smooth pair (Yi(N)z p , Xi(N)z p ), whose image in the group 
^dR(bi(IV)Qp 1 TSym fc J^q p (l)) coincides with the image of EiSdR ]b jy under ®Q P , and whose 
image under the map 

comp : H) yn (ZY , TSym fc ,ZYq p (1)) -> , TSym fc ^ Qp (1)) 

is the localization at p of the etale Eisenstein class Eis^ t b N . 
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We shall give explicit formulae for the de Rham, absolute Hodge, and syntomic Eisenstein classes in 
§ t|4.3lE3~5l below: these formulae involve Eisenstein series - classical algebraic Eisenstein series for the 
de Rham case, and real-analytic and p-adic Eisenstein series in the absolute Hodge and syntomic cases 
respectively. 

4.3. The de Rham Eisenstein class. We give an explicit formula for the de Rham Eisenstein class 
EiSdR, b N , in terms of certain modular forms which are Eisenstein series of weight k + 2. 

Definition 4.3.1. Write (n '■= e 2m / N and q := e 27 ” r . For k > — 1 and b G Z/fVZ not equal to zero, we 
define an algebraic Eisenstein series 

F k+2 y.= C(-1-A) + Xy £ d k+1 (C b / +(-l) k CN bd ') 

n>0 dd '=n 

d,d’> 0 

where ((s) := J^ n >o 7F * s ^he Ri emann zeta function. 

Remark 4.3.2. The Eisenstein series F k+ 2 ,b is fc/;v the notation of |Kat041 Proposition 3.10] and 
jyfc+i G k+ 2 in the notation of }Kat76l Equation (2.4.5)]. 

As in Section ITTTTT1 denote by Tate(q) the Tate elliptic curve over Z((g)). Endowing Tate(g) with 
the order N section corresponding to £n € G m /q z gives a point of Yi(N) over Z ((q)) Cg>z Z[l/iV, Cat]. 
Moreover, the canonical differential w can on Tate(q) gives a section trivializing Fil 1 ^ v |Tate((j)i and hence 
of Fil 0 J^| Tate ( ? ), via the isomorphism J4? = we write for the fc-th tensor power of this 

section, regarded as a generator of TSym fe Jf’. 

Proposition 4.3.3. The pullback of the de Rham Eisenstein class to (Tate(g), £jv) is given by 

Vis k dRAN = —N k F k+ 2,b • v [0 ’ fe] 8 y. 

Proof. See [BK10 1. (Our normalizations are slightly different from those of op.cit., but it is clear that 
the above class has the correct residue at oo.) □ 

4.4. The Eisenstein class in absolute Hodge cohomology. The results in this section are well- 
known and due to Beilinson and Deninger. As we have to express the computations with our normal¬ 
izations anyway, we decided to show how the Eisenstein class in absolute Hodge cohomology can be 
computed very easily as in the syntomic case by solving explicitly a differential equation. This transfers 
the main idea in | [BK10| from syntomic cohomology to the case of absolute Hodge cohomology. The aim 
of this section is to give an explicit description of the class Eis R b N ■= r R (Eis^ ot b N ). 

Proposition 4.4.1. The group H^(Yi(N) r , TSym fc is the group of equivalence classes of pairs 

(Ooo, a d R.), where 

aoo G F(Ti(iV)(C), TSym fe ® ^°°) 

is a to °°-section of TSym k (1) and a d R G T(Xi(N) r , TSym fc w®H]) s:i( . Ar ^(C')) is an algebraic section 
with logarithmic poles along C := X\(N) \ Yi(N), such that 

V (Ooo) = 7Tl(a dR ). 

A pair (aoo ad R ) is equivalent to 0 if we have 

(aoo,a dR ) = (tti(/3), V(/3)) for some f) G T(X 1 (N) R , TSym fc (w)(C)). 

Here 7Ti : TSym fc AYc, = TSym fe .XP R <H> C —>• TSym fc ^r(I) is induced by the projection C —> R(l), 
z i-> (z — z)/2. 

Proof. Can be deduced either from the explicit description as group of extensions of mixed Hodge modules 
or from the standard description of H^, +1 (£^, R (k + 1)) and application of the projector e k . □ 

Consider the covering H —»• Y) (A r )(C), which maps r i —> (C/(Zr + Z),l/iV). Over H we have the 
standard section u> = dz of where z is the coordinate on C. Denote by ( , ) the Poincare duality 


13 











pairing on and by w v , w v the basis dual to ui,lo. We have the following formulae: 


(w,w) 

w v 

V(w) 

V(w v ) 


T — T 
27 xi 
2wiuJ 
t — r 

w — ZU 
-=dr 

T — T 

w v dr + w v dr 


(w,w) 

V(w) 


-(w,w) 

‘I'KlljJ 


T — T 

UJ — ZJ 

-— dr 

T — T 


v(u v ) = 


oUdr + ZJ v dr 

T — T 


Definition 4.4.2. Let w (r ’ s '> := u} r Zo s G Sym fc and := u v 'Mw v ’W G TSym k JF C . 

Under the isomorphism Y = induced by the pairing ( , ) the image of w^ ,k ~H is given by 

(-l)*j!(fc-.7)!^=^ w^l 

One has w( r ’ s '> = w^ s,r ^ and ui[ r > s l = (—l) r+f W s,r Y 
We have 

v ( w h.d) = _L_ ((_ r dr + sdf)w [r ^ + (r + l)w^ r+1 ’ s ~^ - (s + l)zo [r — 1 ’ s+1] ) , 
and hence, if Dj are C°° functions of r satisfying the symmetry relation 

(27 Ki) k ~^ {t — f) k ~ : > Dk-j = (27rz)J(r — fy Dj, 

we have 


(4.4.1) V ^(27U) j (t - T) l I) i ir 1 ' 


ii=o 


[(27T*) J+1 (r - t) j (6 2 j-k(D j ) + (k - j)D J+1 ) dr + (...) df 


j.j] 


7=0 


where ... indicate the term derived from the previous one by interchanging j and k — j and applying 
complex conjugation. Here S r denotes the Maass-Shimura differential operator (27rz)^ 1 ^ 

We define real analytic Eisenstein series: 


_d_ 

dr 


Definition 4.4.3. For t > 0 and s G C with t + 25R(s) > 2 and b G Z/iVZ, we define 

pan . , lY nS+t) V e 2 ^m b /N {T _ T) s 

t,s ’ b ( 27 rz) s+t ' (iriT + nYlmT + n\ 2s 

V ’ (m,n)ez 2 \{( 0 , 0 )} V ' ' 1 

Remark 4.4.4. In [LLZ141 4.2.1] this Eisenstein series was denoted by F^ n (t, s). Note also that 2 0 h 
coincides with the algebraic Eisenstein series Fk+ 2 ,b of Definition 14.3.II 


With these definitions the Eisenstein class in absolute Hodge cohomology is given as follows: 
Proposition 4.4.5. The class Fis RbN = (a^ayR) G #-h(W(-N)r, TSym fc is given by 

— N k k 

7=0 

and 

a dR := N k F^ b (-2m)( T -r) k w^dr. 

Proof. Note that (ccoo, o^r) does define a class in absolute Hodge cohomology, since the Eisenstein series 
F tt s,b satisfy S t F t ^ Si b = F t+ 2 , s -i,b (cf. |LLZ14I Proposition 4.2.2(iii)]), and hence all terms of the sum in 
Equation (14.4.11) are zero except for j = 0 and j = k. 

For k > 0, the Eisenstein class Eis^ b N is uniquely determined by oyR = EiSd RbAr ; and oyR as 
defined above satisfies this, since FjS_ 2 o b coincides with the holomorphic Eisenstein series Fk+ 2 , b of the 
previous section. 
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For k = 0 the Eisenstein class is characterized by Eis^ 6 N = (log |po,b/jv| s dlog^o.&Mr)), and we have 

F o a ,i,ft =- 21 °glffo,b/Jv|- □ 

Remark 4.4.6. Note that there is a typographical error in formula (iii) of (Kat04l (3.8.4)] (a minus sign 
is missing), which we incautiously reproduced without checking in |LLZ141 Proposition 4.2.2(v)]. 

4.5. The syntomic Eisenstein class on the ordinary locus. We review the description from [BKlOj 
of the syntomic Eisenstein class EiSg yn b Ar £ Hl yn ( r 3f orA , TSym fe J?q p (1)) in terms of p-adic Eisenstein 
series. We assume here that p \ N. 

In this section we let T ord be the open subscheme of Y = Y\(N)z p where the Eisenstein series 
E p _i £ r(F, cu® p_1 ) is invertible. Let y, X be the formal completions with respect to the special fibre 
and 3 ^q p , Xq p be the associated rigid analytic spaces. We also let j : -> Xq p be the open immersion 

and Yq" be the rigid analytic space associated to Yq p so that Yq“ is a strict neighbourhood of j. Let 'W 
and be the smooth pairs (Y. X) and (K ord , A). We shall give an explicit formula for the image of 
EiSg yn h jv under the restriction map 

TS y mk ^QpW) Kn(^ ord , TSym fe ^ Qp (1)). 

These syntomic cohomology groups have an explicit presentation exactly parallel to Proposition 14.4.11 
above: 

Proposition 4.5.1 ( [BKlO i Proposition A.16]). A class in -ff sy „(^ ord , TSym fc (1)) is given by a 
pair of sections (a r i g ,a dR ) ; where 

a r i g e r(T Q p, TSym fc JT | v-) 

is an overconvergent section, 

adR G r(X Qp , TSym fc w ® (Cusp)) 

is an algebraic section with logarithmic poles along Cusp := Xq p \ Yq , and we have the relation 

V(a rig ) = (1 - p)a dR . 

The natural map TSym fc JY Qp (l)) -4 H^ r (Yq p , TSym fe ^q p (1)) is given by mapping (a rig , a dR ) 

to the class of a dR ; thus a dR must be the unique algebraic differential with logarithmic poles at the cusps 
representing Eis dR b N , whose g-expansion was given in Proposition 14.3.31 above. 

Before we can write down the explicit formula for a r i g , we need to introduce certain p-adic Eisenstein 
series, and a certain trivialization of JYq p • 

Definition 4.5.2. Write (n '■= e 2m / N and q := e 2mT . For t, s £ Z with t + s > 1 we set 

E d t+5 “Vr s (C;f + (-i)‘G 6ci ') € Zp[Cjy][[g]]. 

dd!=n 
p\d' 
d,d'> 0 

Remark 4.5.3. For (t,s) satisfying the inequalities s + t > 1, t > 1, s < 0, the real-analytic Eisenstein 
series Fff b is an algebraic nearly-holomorphic modular form defined over Q, and the p-adic one F b p \ is 
the p-stabilization of this form; cf. §5.2 of l.l.Z1 II . 

Let y be the formal scheme which classifies elliptic curves over p-adic rings with a ri(7V)-structure 
together with an isomorphism p : <G m = £ of formal groups. The elements in r(W Oy) are called Katz 

p-adic modular forms. The discussion in IBKIOI §5.2] shows that Fj p J b is the g-expansion of a p-adic 
modular form. 

Denote by JYq p the pull-back of JYq p to y. Its dual Jit q contains a canonical section w with 
p*{w)=dT/{l + T). 

Definition 4.5.4. Denote by f £ f2~ the differential form which corresponds to w® 2 under the 

Kodaira-Spencer isomorphism w® 2 = and denote by 6 the differential operator dual to f. 

Then define u := V(0)(w) £ Jit q . The element u is a generator of the unit root space. We denote by 
w v , u v the basis dual to uj, u. 
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The actions of V and ip on these vectors are given by the formulae 

V(w)=u<g>£, V(w v ) = 0, 

V(fi) = 0, V(u v ) = w v <g>£, 

ip(oj) = pu , <p(w v ) = p _1 w v , 

y;(u) = u, p(u v ) = G. 

We are interested in the sheaves Sym fc and TSym fc Jff. The pullbacks of these to y have bases of 
sections given, respectively, by the sections v d >s ) := uj r u s with r+s = k, and by the ul r ’ s l := (u) v )M (u v )W 
with r + s = k. The pairing is given by , v^ r ’ s )) = 5 rr >6 ss >, so these two bases are dual to each 
other. 

We have 


V(i/ r ’ s >) = rv {r - llS+1) 
ip(v<- r ' a) ) = p r v^ s \ 




V(ul r ' s ]) = (r + l)u [r+lia - 1] ®f, 


Remark 4.5.5. The Tate curve Tate(q), equipped with its natural isomorphism of formal groups to G m 
and the point C,n of order N, defines a point of y over the ring Z p [Civ] [[< 7 ]]; the pullback of £ is ^ and ^ 
acts as the differential operator dual to this, which is q-^. This identifies our sections ui and u with the 
w C an and ? 7 call of | lDR,14l Eq. (22)], and 6 with the Serre differential d of §2.4 of op.cit. 

Since 9 acts on ^-expansions as < 7 ^, we have the formula 

q(P^p) ) — jt(p) 

U \ r t,s,b> ~ r t+2,s-l,b 

for any t, s with t + s > 1 . 

Definition 4.5.6. Let 

a Tig := -N k J2(-l) k -Hk p,r k j ’ j] & T& TSym fc J% p ) 

3 =0 

and (as above) let 

a dR := -N k F k+2 Y° M ® £ € T(X Qp , TSym fc u ® (Cusp)) 
be the section representing Eis dR 6 N . 

It is shown in 1BK101 Lemma 5.10] that a r j g £ T(Tq p , jt TSym fc Jtf |y“)- With these notations we 
have the following explicit description of the class EiSg ynbiv ; note its similarity to the description of 
Eis«. b Ar in Proposition 14.4.51 

Theorem 4.5.7 f [BK10l Theorem 5.11]). The class EiSg yn 6 JV € H) yn (HF ord , TSym fe J#q p (1)) is given 
by (orig, our) defined above. 

Proof. An immediate calculation gives 

V(a lis ) = -N k F(% fi!b v^®£, 

and we calculate that 

(1 - ,p) (a dR ) = -N k F^ b v^ ® 

Thus the pair (a r ig 5 Od R ) does define a class in syntomic cohomology, which maps to Eis dR b N in de 
Rham cohomology. 

For k > 0 this is enough to uniquely characterize the syntomic Eisenstein class, as the map from 
syntomic to de Rham cohomology is injective in this case (see ' BK 10: Proposition 4.1]). For k = 0 this 
does not hold; but the motivic Eisenstein class Eis^ ot b N is just the Siegel unit go,b/N, and one knows 
that 

r S yn{go,b/N) = ((1 - p) logfl , o,6/jv,d 1 °gs(o,6w) • 

An easy series calculation shows that we have 

a ri g = -F^ P l h = (1 - v)\ogg 0 , b/N 

as rigid-analytic sections of the sheaf Q p (l) on Y ord , as required. □ 
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5. Rankin-Eisenstein classes on products of modular curves 

We shall now define “Rankin-Eisenstein classes” as the pushforward of Eisenstein classes along maps 
arising from the diagonal inclusion Yi(N) Yi(N) 2 . 


5.1. The Clebsch-Gordan map. In this section, we’ll establish some results on tensor products of the 
modules TSym fc H. Let H be any abelian group. 

Let k,k',j be integers satisfying the inequalities 

(5.1.1) k> 0, k'>0, 0<j< mm(k,k'). 


By definition, we have 
On the other hand, the map 


TSym fe+fe '“ 2i H C TSym fc “ J H ® TSym fc '" J H. 


A 2 H 

given by mapping x A y to the antisymmetric tensor x ® y — y ® x, gives a map 

TSym 7 (A 2 LT) —> TSynr 7 H <g> TSym-' H 


by raising to the j-th power. Taking the tensor product of these two maps and using the multiplication 
in the tensor algebra TSym* H , we obtain a map 

CG [k ’ k '’ j l : TSym fc+fc-2 "' (H) ® TSym 7 (A 2 H) -s- TSym fc {H) <g> TSym fc ' (H). 

We are interested in the case where H = Z 2 , in which case A 2 H = det (ft). 


Definition 5.1.1. Define 

CG [k ’ k '’ j] . TSym fc+fe '- 2j (lL) -A TSym fc (U) ® TSym fc '(fr) ® det (H)~ j 
to be the map defined by the above construction. 


We will need the following explicit formula for a piece of the Clebsch-Gordan map. Composing the 
Clebsch-Gordan map CG^ k ’ k ,J ] with the natural contraction map 

(Sym fc ® (Sym fc ' ft v ) ® (rSym k {H) ® TSym fc '(ft)) -> Z 

gives a trilinear form 

(5.1.2) (Sym fe ff v ) ® (Sym fe ' ® (rSym k+k '- 2j If) det(H)~ j . 

Let us fix a basis u, v of H and write £ TSym r+s H. We let u v ,u v be the dual basis 

of ff v , and write u^ r,s ^ = (u v ) r (v v ) s £ Sym r+S H v , so the bases {u>[ r ' ,s ] : r + s = k} of TSym fc H and 
{ w (us) ; r + s = k} of Sym fe ff v are dual to each other. We let e\ be the basis u A v of det H , and 
ej = ei®- 7 . 

Proposition 5.1.2. The trilinear form (15.1.21) sends the basis vector 

w (°- fc ) ® w (fe '> 0) ®w [s ’ t] 


to zero unless (s, t) = ( k ' — j,k — j), in which case it is mapped to 

k\(k')\ 

j\{k - j)\(k' - j)\ ® e ~ J ' 

Proof. An unpleasant computation shows that for 0 < s < k + k' — 2j, the Clebsch-Gordan map sends 
the basis vector uf s,k+k of TSym fc+fc ” 2 - 7 H to the element 


V Vf 1)i ( r + ~ r + l ^ r ' + ~~ l ^ k ' ~ T ' + j ~ ? ) ! 1: .\r+i,k-r-i] [ r '+j-i,k'-j+i-r'] 

> r \(r')\{k - r - j)\(k' - r' - j)\i\{j - i)\ 


r-\-r'=s i =0 


1 e-j 


of TSym k H ® TSym fe H ® det (H) K The vector w^ r+,l ’ k r *1 ® w^ r +7 l,k ■ 7+ * r 1 pairs nontrivially 
with ® w^ k ,0 ) if and only if r = i = 0 and r’ = s = k 1 — j, and substituting these values gives the 

formula claimed. □ 
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5.2. Geometric realization of the Clebsch Gordan map. The constructions of the previous section 
can clearly also be carried out with sheaves of abelian groups; so for any of our cohomology theories 
T € {B, dR, et, et, rig, syn, V.} for which we have a well-behaved category of coefficients, and E —> Y an 
elliptic curve with E and Y regular, we obtain Clebsch-Gordan maps 

CGp k '' i] : TSym fc+fc,-2j -)• TSym fc My 0 TSym fc ' 

This Clebsch-Gordan map can also realized geometrically using Lieberman’s trick, as follows. Recall 
the group % k = [i\ x & k and the character e k from H3.21 above. We saw that there are isomorphisms 

tff(y,TSym fe JTrW) = H l +\£\Ct r {k + n))(e k ), 

and the same argument also gives isomorphisms 

H l r (Y, TSym fc jT r 0 TSym fe ' dT r (n)) = Ht+ k+k ’ (,£ k+k ', Q r (fc + k' + n))(s k x e fc /), 
where we consider e k x e k ' as a character of Tfc x T*/ C T fc+fc /. 

Lemma 5.2.1. For any ( k,k,j ) satisfying the inqualities (15.1.Ill , we can find a finite set of triples 
(A t,ft,Vt)t where At € Q and ft '■ £ k+k ~ 3 —> £ k + k ~ 2 o and r/t : £ k + k ~ 2 i —y £ k + k are morphisms of 
Y-schemes, such that for any of the cohomology theories T, the map 

H k+k'- 2 j+i^ k+k '- 2 j^ Q r ( fc + k > _ 2 j + n )) Hlf +k ' +i (£ k ', Q r (fc + k' - j + n)) 

given by Ylt ° (£t)* sends the £ k + k '-- 2 j-eigenspace to the ( e k x e k f)-eigenspace, and coincides on 

these eigenspaces with the map 

H l T (Y, TSym fe+fe,_2 -' J? r (n)) H l r {Y , TSym fe 0 TSym fc ' jY r (n - j)) 

induced by CG^ ,k . 

Proof. In all the cohomology theories T we consider, for any morphism of Y-schemes / : X —> X ', there 
are relative pullback and (if / is proper) pushforward morphisms between the sheaves on Y obtained 
as the higher direct images of Q 7 - along the structure maps of X and X'. These are compatible with 
the absolute pullback and pushforward via the Leray spectral sequence. So it suffices to show that we 
may find such that the sum of the relative pushforward and pullback maps coincides with 

CGfi’ . This then gives the result of the proposition (for all values of i and n simultaneously). 

We consider first the extreme cases j = 0 and k = k! = j. In the former case, GG^p k is just the 
natural inclusion TSym fc+fe (^ 7 -) C TSym k 0 TSym fe (^£ 7 -) (compatible with the inclusion of both 
sheaves into (M ^-)®( fc + fc ')) ; so it is compatible with the natural inclusion of cohomology groups 

H k + k '+ i (£ k + k ',Q T (k + k' + n))(e k+k <) Hlf +k ' +i (£ k ’, Q r (fc + k' + n)){e k x e k ,). 

For the case k = k' = j, we note that pullback along the structure map n j : £ 3 —> Y, composed with 
pushforward along the diagonal inclusion Sj : £ 3 —>• £ 23 , gives a map of sheaves on Y (a “relative cycle 
class”) 

Q t -t B 23 (TT 2 j)*Qr(j) 

where n 2 j is the projection £ 23 —>• Y. Projecting to the subsheaf on which all the [—1] endomorphisms 
on the fibres act as — 1 , we obtain a map 

Qr -»■ (R^*Qt)® 2j (j) = 

Projecting to the direct summand TSym ^ 3 ’ 3 ^ Jtfi-(-j) gives a geometric realization of CG^^\ which 
is given concretely as a formal linear combination of translates of {6j)*(jrj)* by elements of the group 
Yj x ‘Zj- 

Forageneral (k,k',j), we take the product of the above maps for the triples ( j,j,j ) and ( k—j , k'—j, 0), 
and average over the cosets of (T j x T k -j) x (T j x T k '-j) in x Since the map CG^f’ k is likewise 
built up from CGIp 3,3 } and CG ^ J,fc J ’°^ via the symmetrized tensor product, this gives the required 
compatibility. □ 

Corollary 5.2.2. There exists a morphism 

GG [ ^ J] '■ TSym fe+fc '- 2 ^ JY q (n)) ^ ot (Y, TSym fc JY q 0 TSym fc ' - j)) 

compatible with the maps CG^ , for T G {!?, dR, et, et, rig, syn, H}, under the regulator maps rq-. 
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Proof. We simply define CG^ff k t to be the map J2t A t(vt)* ° (£t)*, which is well-defined since motivic 
cohomology with Q(n) coefficients has pullback and proper pushforward maps, compatible with the other 
theories via the maps rp- □ 

We now suppose Y is a T-scheme, for some base scheme T, and we let A be the diagonal embedding 
Y Y 2 = Y x T Y. 

Definition 5.2.3. We define sheaves on Y 2 by 

TSym [fc ’ fc ' ] M r := tt* (TSym fe M r ) <g> tt* (TSym fc ' Mr) 

Sym^ fc,fc ^ Mr '■= 7 r* ^Sym fe Mr) < 8 > ^Sym fc Mr) , 
where 7 Ti and tt 2 are the first and second projections Y 2 —> Y. 

Then the pullback of these sheaves along A are the sheaves on Y 

A* TSym [fe ’ fe ' ] M r = TSym fc M r ® TSym fc ' M r 
A* Sym (fe ’ fe,) M r = Sym fc M r < 8 > Sym fe ' Mfi. 

If Y is smooth of relative dimension d over T, then we obtain pushforward (Gysin) maps 

A* : H z r (Y, TSym [fe ’ fe ' ] M r {n)) ->■ Hi+ 2d {Y 2 , TSym [fc ’ fc 'J M T {n + d)) 

for T £ {73, dR, et, et, rig, syn, 77} (and any i and n). We extend this to the case T = mot by considering 
pushforward along the closed embedding of £ k+k ' = £ k xy £ k ' into £ k x B £ k ' ■ 

5.3. Rankin Eisenstein classes. We now come to the case which interests us: we consider the scheme 
S = Yi(N) over T = Spec Z[1/7V]. 

Definition 5.3.1. For k,k',j satisfying the inequalities (15.1.11) . and 7” £ {mot, et, 77, syn}, we define 
Eis:= (A,oCGf' jl ) (Eis k r +k '- 2j ) £ H\ (Vi (TV) 2 , TSym^ k '\M T )(2 - j)). 

Remark 5.3.2. The classes Eis!^ ! |( ^ can also be defined for the “geometric” theories T = {et, dR, B , rig}, 
but these are automatically zero, since Y\ (TV ) 2 is an affine surface, and thus its 77 3 vanishes. 

5.4. Abel—Jacobi maps. Let /, g be newforms of weights k + 2, k! + 2 and levels Nf,N g dividing TV. 
The aim of this section is the construction of Abel- Jacobi maps AJr,f,g, for 7” G {77, syn, et}, which we 
will use to interpret the Rankin-Eisenstein classes as linear functionals on de Rharn cohomology. 

Absolute Hodge cohomology. Since Y\(N) 2 is a smooth affine variety of dimension 2, its de Rham (or 
Betti) cohomology vanishes in degrees > 3. Consequently, the exact sequence (12.3.11) for absolute Hodge 
cohomology gives an isomorphism 

4 ( y iWR,TSym^'l(Jf R )( 2 -j)) “ 7 A (SpecR,77l(Fi(A)^,TSym[ fc ’ fc '](^ R )(2 - j))) 

for any j. Via projection to the (/, 5 )-isotypical component we obtain a natural map 

HUYi(N) 2 R ,TSym^ k '\M n )(2-j)) -* H 3 h (SpecR, M B {f ® g)*(-j)). 

The comparison isomorphisms between Betti and de Rham cohomology induce two period maps 

a M(f®g){n) ■ M B {f ® g){n) £ ->• t(M(f ® g)(n)) R 

a M(f®g)*(n) ■ M B (f ®g)*{n )£ -> t(M(f ® g)*(n )) R 

with the tangent spaces from 13.4.41 The L-vector spaces M B (f ® < 7 )(n) + and Mg(/ < 8 > g)*(n) + have 
dimension 2 and in the case that 0 < j < min^fe'} we get that ker(aM(f® g )(j+i)) is one-dimensional. 
Poincare duality induces a perfect pairing 

ker(cy^^(g)g)) x coker(o^^ ( g ) gp('_j^) y L 0q R 

which together with the isomorphism coming from sequence (12.3.21) 

H B (SpecW, M B (f ®g)*{—j)) = coker (a M (/® 9 )*(-j)) 

induces the isomorphism 

H$t (Spec R, M B (/® g)*(-j)) 2* ker(a M(/( 89 ) y + i ) )*. 
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Putting these isomorphisms together, we obtain the Abel-Jacobi map for absolute Hodge cohomology, 

AJ nj, g : ^(Fi(iV)^,TSym[ fc ’ fc '](^ R )(2-j)) -- (ker a Mif9g)(1+J) )*. 

Taking duals we get an exact sequence 

(5.4.1) 0 -+ Fil~ j M dR (f®g)* R -»■ - 1)+ -»■ fT^SpecR, M B (f 0 g)*(-j)n) -»■ 0, 

which is crucial for the interpretation of the leading terms of L(f,g,s) at s = j + 1 in the Beilinson 
conjecture. 

Syntomic cohomology. Similarly, for a prime p \ N, the exact sequence (12. 3. 41) for syntomic cohomology 
gives isomorphisms 

H^mN) I p , TSymf fc ’ fc 'l(jr qp )(2 - j) £* H' yn (Spec Z p , H^Y^N) | p ,TSym[ fc ’ fc '] ( ^. g)(2 - j))) , 
and projecting to the (/, g)-isotypical component we obtain a map 

H s 3 y n(yi(A0 2 Zp , TSym[ fe ’ fe '](^ Qj) )(2 - j )) — (Spec Z p , M rig (/ 0 p)*(-j)) 

= ® g)*(-j) Qp 

(1 - p) Fil° M dR (/ ® g)*(-j) q p 

Since 1 — ^ is an isomorphism on M r i g (/ 0 g)*(—j)Q p for 0 < _) < min(fc, fc'), the right-hand side can 
be identified with t(M(f 0 ff)*(~j))Q p , which is free of rank 3 over L 0 Q p . This gives the syntomic 
Abel-Jacobi map 

AJ S ynj,g : (A0l p , TSym^'l (^ Qp ) (2 _ j)) - . t{M{f ®g)*(-j)) Qp . 

Etale cohomology. The etale spectral sequence et E 1 ^ for Y\{N)\^ degenerates at E 3 (since H l ( Q p , —) is 
the the zero functor for i ^ { 0 , 1 , 2 }), so we obtain a natural map (not an isomorphism in general) 

HUYi(N) 2 Qp , TSym[ fc ' fc, ](^ Qp )(2-j)) (Spec Q p , H^Y^N) 2 , TSym [ fe - fe '] ( ^ Qp)(2 _ j))) . 

Projecting to the (/, g)-isotypical component gives an etale Abel-Jacobi map 

AJ*,/, fl :^(Fi(iV) 2 Qp ,TSym[ fc ’ fc '](^ Qp )( 2 -j)) — H\Q p , A%(/ 0 
The following proposition gives a relation between the syntomic and etale Abel-Jacobi maps: 


Proposition 5.4.1. The maps AJ,t j, g and AJ syn ,/, s fit into a commutative diagram 

ffLt(^(iV)| p ,TSym[ fc ’ fc, ](^ Qp )(2 - j)) -- TSym^'l ( ^ Qp)(2 _ j)) 


Tet 


H s 3 yn (F 1 (iV) 2 Zp ,TSym[ fc ’ fc '](^ Qp )(2-j)) 


^ (Af) 2 Qp , TSym^AJ (^ Qp )(2 - j)) 


AJ 


syn J,g 


t{M(f ® g)*{-j)) Qp 


exp o comp dR 


AJ, 


et ,f,g 


- H\Q pi M^(f®gn-j)). 
where the top horizontal arrow is given by base-extension, and in the bottom horizontal arrow, 

comp dR : M dR (/ 0 g)* Qp = D dR (il%(/ 0 g)*) 

is the Faltings comparison isomorphism, and exp is the Bloch-Kato exponential map (c.f. Section \2.4\ ). 

Proof. This follows from Theorem 12.4.21 11 applied to the variety X = £ k x £ k , together with the 
observation that the (/, g)-eigenspaces in de Rham, syntomic, and etale cohomology all lift isomorphically 

_ f 1 ^ 

to the cohomology of the product of Kuga-Sato varieties £ x £ , which is projective, so we may apply 
Theorem 13X21 2) (with X = £ k x £ k '). □ 


We shall give formulae for the images of the Eisenstein class under AJ u,f,g and A.J syn j g in the 
following section, and by the preceding proposition, the latter will also give a formula for AJ, t ,/, ff . (We 
will not use AJe t ,/, s directly in the present paper, but it will play a central role in the sequel.) 
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6. Regulator formulae 


6.1. Differentials and rationality. Recall that we have fixed newforms /, g of levels Nf,N g and 
weights k + 2 ,k' + 2. We let w/ £ H°(Xi(N)(C), Sym fc Jtff ® fl 1 ) ®q L denote the holomorphic 
(Sym fc J^Y)-valued differential whose pullback to the upper half-plane is given by 

u>f = {2m) k+1 f (t) w^ k ’ 0 ^ dT = {2m) k f{r) w^ k ’ 0 ^ 

where as in H4.41 we have = (dz) fc , for d z the standard basis of Fil 1 Jtfff. 

Lemma 6.1.1. Let f = ^2 n> o a nQ n w ^ a n £ L and £f the associated character. We denote by N e , its 
conductor. Let 

G(eji) := ^J 1 {x)e 2%ix/Ne f 

xGZ/N ef Z 

be the Gauss sum of £f 1 . Then the differential 

Jf := G(ej 1 )ujf 

is a section of Sym fe over L, and its class in de Rham cohomology is a basis of the 1-dimensional 
L-vector space Fil 1 MdR,(/). 

Proof. Note that the cusp oo is not defined over Q. By the ^-expansion principle, we have to check 
that for any ad £ Gal(Q(£jv)/Q) — (Z/iVZ)*, we have ad{a n ) = a n . But the action of ad is given by 
(o d)*f = £ f(d)f, which implies that the coefficients a n have to be in the e-eigenspace of L ®q Q((n), 
which is generated over L by G(e7 ). □ 

We also want to have a basis of the space M(/)/Fil 1 , for which we need to introduce the form 
conjugate to /: 

Definition 6.1.2. We define f* £ Sk+ 2 (Ti(N), C) to be the form with q-expansion ]C„>o «rb? r \- so that 

m = 7F^- 

The class of the G°° differential form 

TJf* = (—l) k+ 1 f(—f)w^°’ k ^df 

has the same Hecke eigenvalues as /, so it defines an element of Mdn(f) ®q C. 

Proposition 6.1.3. Let (—, —)i^.(jv>) denote the Poincare duality pairing. Then the class modulo Fil 1 
of the element 

Gjef 1 ) ^ 

(u}f,Ulf) Yl (N f ) f 

is non-zero and defined over L, and thus defines a basis r/'j of the L-vector space ' 

Proof. It suffices to check that this differential pairs to an element of L with the basis vector ui'f, = 
G(£f)ujf * of Fil 1 M<ir(/*). Since (uif*,u)f*)Y 1 (N f ) = (w/, &f)Y 1 (N f )i this pairing evaluates to G(£r/)G(£j 1 ) = 
(—1 ) k N ef £ L, as required. □ 

Remark 6.1.4. ( 1 ) The constant {uf,ii)f)YRN,) is equal to (— 47 r) fc+ 1 fc!||/||, where 

11 / 11 =/ \fi x + iy)\ 2 y k dxdy 

JrRNf^Sj 

is the Petersson norm of /. 

(2) In |LLZ14| we worked directly with the classes uif and r/f = up ■ However, these classes 

are not defined over L but only over L <g> Q{hn) for a suitable N; so one has to extend scalars 
to this field in order to evaluate the regulators. (This base-extension was inadvertently omitted 
from the statement of Theorem 5.4.6 of op.cit..) In the present paper we want to verify the 
conjectures of Beilinson and Perrin-Riou, which predict the values of regulators up to a factor 
in L x , so it is more convenient to work with the L-rational classes 77 ^ and uij. 
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6.2. The regulator formula in absolute Hodge cohomology. Let 0 < j < min{fc, k'} and write 
Y := Yi (N) B and Y 2 := Yi(N) r x Yi(N) r . As in >15.41 let /, g be newforms of weights k + 2, k! + 2 and 
levels Nf, N g dividing N. In this section we want to give a formula for the image of Eis^’ b under the 
Abel- Jacobi map 

A J u,f,g ■ Hh(Yr-> TSym [fe,fc 1 JY R (2 - j)) -* (ker ot M (f® g )(i+j))* ■ 

By 15.4.11 one has an exact sequence 

0 —t F j M dR (f < 8 > < 7 )r —> M B (f < 8 > g)*(~j — 1)r —t (keraM(/i 8 ig)( 1 +j))* —> 0 

and we will compute a representative for Eisljy k ^ in M B (f (g) g)*(—j — 1)r. To compute the projection 
prj 9 we use the perfect pairing 

Remark 6.2.1. This pairing is in fact the product of the pairings 

( , )y x Afs(/) c -> C <g>Q L, 

( , )y -M B (g)c x M B {g)c -> C < 8 >q L. 


We want to give a formula for the pairing of 

EisftS 1 - (A. oCG£'‘'.il) (,»*&*<) 

with a class in F 1+ l M B (f (g> g)^, which reduces the computation to an integral on Y( C). For this we 
consider Eis^’* as a class in Hg(Y 2 ( C), TSynJ fe,fc ^ JYc) + /F 2 ~G Consider the pull-back A* composed 
with the dual of CG^ ,k 

v CG l g’ k ' ,j] o A* : F 1 + 3 Hl B {Y 2 { C), Sym (fe ’ fe ') F 1 +j H 2 B {Y( C), Sym fe+fe '" 2j ' Jtfg). 

Recall from Proposition l4.4.5l that Eis^^^r 2 -? is represented by a pair of forms (a^, cidR)- Then we have: 
Proposition 6.2.2. Tor any cohomology class [ui c ] € F 1+ ^M dR (f ® g) r one has the formula 
(F,is\]f k b $ ,u c ) Y 2 = J— [ v CG [ g k j] o A*(w c ) A Ooo. 

’ ’ Z7Tl JY( C) 

Remark 6.2.3. Compare [LLZ141 Theorem 4.3.1], which is the case of trivial coefficients. Note that 
the proof will actually show that the integral is well defined, i.e., does not depend on the choice of a 
differential w c representing the class [w c ]. 


Proof. The push-forward along the diagonal A is defined via Deligne homology (see [; Jan 88 b for the 
definitions). In fact one has by general properties for a Bloch-Ogus cohomology theory 

Hh(Y r . TSym fe+fc '- 2j J&.(1)) “ H?(Y r, Sym fc+fe '- 2j 


and 

H^(Y 2 , TSymJ fe ’ fe '] ^ r(2 - j)) - 

\k k' 7 I 

With these isomorphisms the map A* o CG l Y J is just the functoriality for the homology combined 
with the Clebsch-Gordan map. These homology groups have an interpretation in terms of currents. Let 
T aoo and T adR be the currents associated to and OdR- As H dR (Y R , TSym^’ fc ^ J^r) = 0 the current 
A* o CG^f k ’ j \T adR ) is a trivial cohomology class, so that there exists a current p (with logarithmic 
singularities) with dp = A*o CG^' k ’^(T adR ). It follows that A*oCG^’ fe ’^{T aaa )—p defines a cohomology 
class, which represents a lift of Eis^’j) ^ to F[g(Y 2 ( C), TSym^’ fe ^ J# c)- This gives 

(Eisw 1 - Uc)y* = (A* o CGY' j \T aao ) - p)[u c ). 


By construction A* o CG^ k ’^{T ad R ) is a current in the zeroth step of the Hodge filtration (see |.Ian 88 bl 
1.4]) so that also p is in F°. As w c is in F 1+ iM B (f ® g) c the evaluation p(uj c ) is in F 1+ l and hence zero 
as 1 + j > 0. This gives 


(A* o CG lk ’ k '’ j] (T a J - p){u c ) = A, o CG l Y' j] (T a J(tu c ) = T aoo ( v CG [k ’ k '’ j] o A> e )) 













where the last equality is the definition of the push-forward. Finally, by definition of T Qoo , we get 

T aoo ( v CG [k ’ k '’ j] O A> c )) = ^~ [ y GG kJ/j o A> c ) A 

Jy( C) 

As all these equalities hold for any closed form u c in the 1 + /-step of the Hodge filtration and because 
(Eis ff k , u c ) B is independent of the representative of [w c ], the same is true for the integral. □ 

For the explicit computations we use the bases 

{ujf ®u g ,Uf ® Q g - ,up ®u g ,up ® 63 g *} and {up ® u g *, up ® u g , Uf ® u g », Uf ® u g } 
of Mb( f ® g) c and Mb( f* ® g*) c respectively. 

Remark 6.2.4. The natural map M B ( f* ® g*)(k + k' + 2) —> Mb( f ® g)* is an isomorphism, so we may 
interpret the latter vectors as a basis of Mb( f ® g)c- 

Note that one has F^up ® u g ») = Uf ® u g and F^up ® u g ) = Uf ® u g * so that \{up ® u g + 
(— ®u g *) is a basis of 

- l)R/i ?_J AfdR(/®5)R = (kera M(/0g)(1+g) )*. 


Lemma 6.2.5. The element 


-1 


(w/. ® 


(w/, W/)y(w g , W g )y V J 

in ker aM(/®g)(i+j) *s f/ie dual basis of ^(up ® w g + (—I) - - 7-1 
Proof. This follows from the formulae 


U„ + 8 Ug») 

Uf®U g *). 


(w/. ®U g ,Up ®U g ) Y = -( Up,Up) Y {u g ,U g ) Y 
{Uf®Ug*,Uf®Ug*) Y = -(u f ,Uf) Y (u g *,U g *) Y , 

as (wp,up) Y = (u)f,Wf) Y and (u g ,u g ) Y = (u g *,u g *) Y . □ 

Definition 6.2.6. We write 

U f* A Ug A Oqo 

/or the form on E(C) obtained from the form w CG^f' k o A* (Cop ® u g ) A by using the evaluation 

pairing TSym fc+fe _2j ® Sym fc+fe —> C and similar for Uf A w g * A Ooo- 

Proposition 6.2.7. Let 0 < j < min{fc,A:'} and Eis^ + *^ 2 ' 7 = (ctfoo, o^r)- Then 


AJ «,/, g (Eis^^ 1 ) , 


-1 


{Uf,Uf) Y {U g ,Ug) Y 


(w/. ® w g + (-1) J+1 W/ <S> w g .) ) = 


-1 


[ (ujf* Au g + (—iy + 1 u)f A w g *) A i 

JY(C) 


□ 


(27rf)(w / ,w / )v(w g ,w g )v Jf(c) 

Proof. We have to compute the pairing of AJrj iS ^Eis^|] ^ j with 

7- - ' , -~(w/. ® w g + ® Ug* ) 

{u}f,Uf) Y {u}g, Ug) Y 

which by Proposition 16.2.21 reduces to the integral in the proposition. 

We will compute the integral appearing in Proposition l6.2.7l in terms of special values of the L -function 
L(f, g, s ). We write 

up = f*(2m) k w^ k ’ 0 ^ — and u g = g(2ni) k w^ k ,0 ' — 

so that 

up Au g = (—l) k+1 f* g(2ni) k+k +2 w (°’ k ') ®yj ( ' k ,0) drdf. 

Recall from Proposition 14.4.51 the formula 

_]yk+k'-2j 


Q^oo •— 


k-\-k' — 2j 


E (“W + k ' ~ rn)\(2mr- k - k ' +2 ^T - r) m F 2 “_ fc _ fe , +2j . k+k ,_ 2j+1 _ m ^ k+k '^- m ^ 


m —0 
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Proposition 6.2.8. One has 


idf A UJg* A Qfoo — 


)k'\( 2 ni)^(r - fy f*gF^ k , k ,_ j+l b d,Tdf 


^_-\^k+k'+1 jyk+k'—2j (fo! 


k\(2ni) k ' +2 (t - f f f?F$L kik _ j+1>b dTdf 


-\k' 


Proof. From Proposition 15.1.21 one sees that 

v CGf' jl (/’ ,!) ®/' 0 ) )Aw M - w (0 ’ k) <W fe '’ 0) /\CG [ s’ k ' J] (w^) 

is zero unless (s, t) = ( k' — j,k — j), in which case one gets 

k\(k')\ 


t — r ^ 3 


j\{k - j)\{k' - j)\ \ 2iri 

Collecting terms gives the first formula. The second formula is obtained in a similar way, observing that 


w/°’ fe ) <W fe, ’ 0) ACG^'Aw^ 1 ) = (-l) 5+t " J w( fe ’°) ®w( 0 . fc ') ACG [ s' k ' J] (w^). 
Theorem 6.2.9. Let 0 < j < minjfc, k'} and 6 = 1. One has 


□ 


1 

2ni 
2 wi t 

where L’(f,g,j + 1) := lim s ^. 0 


/ ^f* ^ ^9 ^ ^oo — 

( ^ k °{2iTi) k+k '- 2 ^ 

>Y{C) 

2 

1 ^f ^ UJg* A GIqO — 

1 (2ni) k + k '~ 2 P 

Y(C) 

2 ( 


k\k'\ 


(k - j)\(k' - j)\ 
k\k'\ 


L'(f,g,j + 1) 


(k — j)-(k' ~ j)- 


L’(f,g,j +1), 


L(f,g,j+l+s) 


. In particular, 


AJ n,f, B (^4xn) , 


-1 


(u}f,UJf) Y {uJg,UJ g )Y 


(ujf* <g> UJg + (-1 Y + 1 UJf <g> UJg.) ) = 


(- l) k -i +1 (2m) k+k '- 2 i 


k\k'\ 


2(Uf,0Jf) Y (Ug,Ug}Y {k - j)\{k' - j)\ 
Proof. This follows from the formulae above, the functional equation 


L'{f,g,j + 1). 


F, 


in — Ei(fc-fc')/ n — k\ 


in the notation of 1LLZ141 Definition 4.2.1] and the formulae in (13.5.ID with r = k + 2, r' = k' + 2. □ 


6.3. Finite-polynomial cohomology. We now compute the image of the Eisenstein class under the 
p-adic syntomic Abel Jacobi map, following [BDRl4al and 1 )111 1 . In order that we can apply Besser’s 
rigid syntomic cohomology, we need to assume that p \ N. 

We fix integers (fc, k',j) satisfying our usual inequalities (15.1. ID . Let Y = Y\{N) Zp and S = Y Xs pec z p 
y, Yq p and Sq p their generic fibres, and and S? the smooth pairs (Y,X) and (Y x Y, X x X), where 
X = X 1 (N) Zp . 

Let & be the sheaf TSym^’ fc ^ jYq p ’■= TSym fe JYq p TSym fc JYq p on S (regarded as an overconver- 
gent filtered F-isocrystal), and its dual. 

As we saw in Section 15.41 above, there is a natural map 

AJ syn ,/, g : H 3 mot (S, J?(2 - j )) — t(M(f ® g)*(-j)) Qp = (Fil 1+ ^ M dR (/ ® 5 )q p )* . 

Our inequalities on j imply that Fil 1+ - ? M dR (/ <S> g) is 3-dinrensional over L. 

Suppose we are given an element 

A G Fil°M dR (/®p)(l+ j) Qp . 

We want to evaluate the pairing 

(AJ synj.g , \) . 

Since 1—p _1 <p _1 is an isomorphism on M dR (/ ® p)(l + j), we may find a polynomial P G l+TLsp[T] 
such that P(p _1 ) ^ 0 and P(<p)(A) = 0. Thus A lifts to a class 

AGF f 2 PiC (S,J? v (l+j),P); 

and since H^ R C (S, ^ v (l + j)) is zero (being Poincare dual to H 3 with non-compact supports) this lift 
is uniquely determined. 
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Proposition 6.3.1. We have 

(AJs yn ,/, 9 (l-:iw'v) .a) = (Eisj;;’J,A) fpS , 

where the pairing (—, —}f P ,s is as defined in H2.5\ above. 

Proof. This is an instance of the general statement that the cup-product on finite-polynomial cohomology 
is compatible with the Leray spectral sequence, as observed in 923 □ 

Corollary 6.3.2. We have 

(AJ syn ,/, ff (EisI fc yn fc ' b J) ,A) = (cGVg'd (Eis s fc y + n fe '^ J ), A*(A)J) fp ^ . 

Proof. Recall that Eis^^ = (A* o CG^n ’^) ^EiSg^ 6 ^ J J . The pushforward in fp-cohomology satis¬ 
fies the projection formula f [Besl21 Theorem 5.2]), so 


Ei4yn'd>A) fpS = 


□ 


This reduces the computation of the syntomic regulator to a calculation on Y alone. We now give a 
more explicit recipe when A is of a special form. We suppose that 

A = p U to := 7Ti (p) U 7r 2 {to), 

where 7 Ti,7t 2 are the two projections S —t Y, and p G Fil° M<jR(/)Q p , to G Fil° MdR(p)cj p (l + j). We 
fix polynomials P v (pure of weight k -(- 1) and P u (pure of weight k' + 1 — 2j) annihilating p and to 
respectively. Then p and to lift uniquely to classes 

fj e Hl p>c (Y,Sym k J^ p ,P v ), 

A G K,c( Y ’ S A mfc ^Qp ( 1 + •?)> p ^) 

and we clearly have A = p U to and hence 

A* (A) = A*(p U to) = fj U Co. 

Thus we have 

(Eis^'^), A *(A)) fp y = ti'fp.y (a U p U w), 

where we have written a — CG^Jf/n ’^(Eis syn b~N^) f° r brevity, and trf Pi v is as in < 32.51 above. 

Proposition 6.3.3. The natural map 

H' g (Y, TSym fc ^? ig (2)) -> H%{&, TSym fc JY{2), P u ) 
is surjective; and s/Bg (Y, TSym fc J^; g (2)) is any preimage of a U to, then we have 
(CG [ ^'’ j] (Eis^ b J J ),fiUtb^^ Y = (P^p-V" 1 )" 1 ?7,S) r . gi ,. 

Proof. This natural map is clearly surjective (because the cokernel is a subspace of (W, TSym fc i g (2)), 
which is zero because Y is affine). The equality of cup-products is another instance of the compatibility 
of finite-polynomial cup-products with the Leray spectral sequence, as noted above. □ 


In the next section we’ll compute such a lifting 3 explicitly. 

6.4. Restriction to the ordinary locus. As in Section H751 we denote by F ord the open subscheme of 
Y where the Eisenstein series P p _i is invertible, so t^ ord = (y ord , X) is also a smooth pair. Note that 
Yq( d is the complement of a finite set of points in Fq p , possibly defined over the unramified quadratic 
extension of Q p (one for each supersingular point of the special fibre). 

Proposition 6.4.1. The rigid realization Af r ; g (/) lifts canonically to a subspace of Hb g c (y ord , Sym fc Jf?i g ) ; 
commuting with the action of tp. 

Proof. This follows from the fact that the systems of Hecke eigenvalues appearing in the cokernel of the 
natural map 

P d g)C (F OTd , Sym fc J*? ig ) -t H^ C (Y, Sym fc J^ ig ) 

are those associated to p-new cusp forms of level Ti(./V) DFo(p), which are disjoint from those appearing 
in level Ti(A^). □ 
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We let ry ord be the image of g under this lifting, and let S be as in Proposition 16.3.31 Then we have 
(-P w (p"V _1 )"S,0ri g ,r = ( P «(p’ 1 ^ 1 )" 1 ?? ord ,S| r ord) r . g)Ford . 

We now compute a representative for E| yord . 

Definition 6.4.2. Choose a V- closed algebraic section of id 1 ® Fil° J^ v (l + j) over Yq p representing 
the class of u> (which we shall denote, abusively, by the same letter ui), and let 

| yord ) 

be a rigid-analytic primitive of P^(ip)(ui), so that the class of the pair (w, F u ) is a lift ofu> to H f 1 p (£^ ord , (1+ 

3),P U ). 

As we saw above, the restriction to T ord of the syntomic Eisenstein class Eis^'^-' is represented by 
the pair (a r i g ,a d R) defined in Theorem 14.5.71 above, satisfying V(a r i g ) = (1 — <p)a d R. Let 

u rig = CG l *f’ j] (a lis ), 

a dR = CG’f Jl (a dR ), 

so the restriction to F ord of the class CGlyn (Eis syn,b~N’’) gi ven by the pair (cr rig , cr d R). The definition 
of the cup-product in finite-polynomial cohomology now gives the following: 

Proposition 6.4.3. The class S|yord is represented by the TSym fc JYq p {2 )-valued over convergent 1-form 
on F ord defined by 

S := [J [a(v?i, ¥> 2 )(K> ® aim) - b(cp 1 ,ip 2 )(ca <8> cr rig )], 

where a(x,y) and b(x,y) are any two polynomials such that 

Puj{xy) = a(x,y)P u (x) + b(x,y)( 1 -y). □ 


Note that such polynomials do exist, since the polynomial P(X) = 1 — X is the identity for the * 
operation of Definition 12.5.31 The form 5 is evidently V-closed (since Y is 1-dimensional) and hence 
defines a class in U r 1 ig (F ord , TSym fc M q p (2)); and this class is well-defined, since changing the polynomials 
(a, 6) changes P u by an exact form. 

We now evaluate the right-hand side of the formula in Proposition 16.3.31 in terms of p-adic modular 
forms. We take for ui the class u>' g ( 1 + j), where u>' g € Fil 1+,J M d R(p) is as in EH and we take for P u the 
polynomial 


•»-(■-5?) (-5F) 


where a g , j3 g are the roots of the Hecke polynomial of g at p. 

We denote also by u' g the unique regular algebraic differential on Xi(Nf) representing this class, whose 
pullback to the formal scheme y of H4.5I is given by 


= G ( £ g 1 )gv < ' k ’’ 0) ® f ® e 1+j . 


Remark 6.4.4. Note that this class ui g does not generally have g-expansion in L[[q]], owing to the presence 
of the Gauss sum, but it is nonetheless defined over L\ recall that the cusp 00 is not rational on our 
model of Y\ (N). 


Remark 6.4.5. More generally, one can replace g with the any holomorphic form g of level N having 
g-expansion in (L ® Q p ) [[<?]] and the same Hecke eigenvalues as g away from N. We give the argument 
for g = g for simplicity of notation. 


As a rigid 1-form we have 

p g(<P)(Ug) = G{e~ 1 )g^ v {k ' fi) ® £ <g> ei+j, 

where is the “p-depletion” of g (the p-adic modular form whose q-expansion is a n (g)q n ). If we 
write G for an overconvergent primitive of P g (<p)(uj g ) vanishing at the cusp 00 , then as above we have 

S|yord = (J [a((pi,(f 2 ){G^a dR ) - b(<pi,<p2)(u>g 0 C7 rig )] , 
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Here a(X , Y) and b(X, Y) may be any polynomials such that P g (XY) = a(X, Y)P g (X) + b(X, Y)(l—Y), 
but we shall make the following choice 

Pg(XY) - P g {X) 


so that 


z(X,F) = l, b(X,Y)= i y 
11 Y ord = G U tJdR — (^J [b(<pi, ¥ , 2 )(wg <8> cr rig )] . 


Lemma 6.4.6. If G vanishes at the cusp oo, then modulo V -exact 1-forms we have 

G U <T d R = G U (1 - <p)tx d R = GU V(er r ig). 

Proof. It suffices to show that G U <p(<7dR) is V-exact. We know that the g-expansion of G is p-depleted 
(the coefficient of q n is zero if p \ n) while <p(odR) is a power series in q p . Hence the g-expansion of 
G U <^((JdR) is also p-depleted, and thus lies in the kernel of the operator U p defined on g-expansions 
by Up (J2 a nQ n ) = £a np g". Since U p o tp coincides with the diamond operator (p), and (p) and <p act 
bijectively on the cohomology groups, any differential in the kernel of U p must be V-exact. □ 


As a corollary, we obtain the following explicit formula for ^|yord: 


Corollary 6.4.7. Modulo V -exact 1-forms, we have 

(6.4.1) S|yord = - \1 - ffi—J ® ^s) ■ 

Proof. Observe that the 1-form 

G U V(<r r ig) -f- V(G) U (J r ig = V (G U (7 r ig) 
is V-exact. Hence modulo V-exact forms we have 

G U V(cr rig ) = -V(G) U cr ri g = - (J [Pg{p l)(Wg ® CTrig)] ■ 

Thus 

S|yord = ~ (J [C{p 1, <p 2 )(Wg ® CT rig )] 

where 

P g (XY) - YP g (X) 


c(X,Y) = P g (X) + b(X,Y) = 


1 -Y 


We evaluate explicitly: 


Hence 


c(X,Y) = 1- 


p 2+2j X 2y 


a gfig 


p 2 + 2 l 

a gPg 


:|yord =WjU (Trig - —tp (<p{u' g ) U CT r ig) • 


We now note that the relation 


O-rig =p 1+k+k ' 2j (p) V(<7rig) 


holds modulo exact forms (as one sees by an explicit g-expansion calculation). Hence 


| "y^ord 


= - 1 - 


pk-\-k +3 ^2 

a g /3 g (p) 


) / k-\- 2 2 ' 

((pWg ® CT ri g) = - f 1 - P ^ ) (U>g ® CT rie ) . 


□ 


6.5. Relation to a p-adic L-value. Recall that above ?? was an arbitrary element of the free rank 2 
(L <g> Q p )-module 

Fil° M dR (f)Q p = M dR (f)Q p . 

We now specify rj more precisely. Recall that in H6.1l we defined a canonical L-basis rj'j of MdR(/)/Fil 1 . 

Choose a prime of L above p , and (after extending L if necessary) choose a root otf G of the 
Hecke polynomial A' 2 — a p (f)X + p fc+1 e p (/) of /. Assume that a has p-adic valuation < k + 1 (i.e. it is 
not the non-unit root associated to an ordinary form). Then the ip = a eigenspace in M r j g (/) <8>l®q p 
is complementary to the Fil 1 subspace. 

Definition 6.5.1. We let gf be the unique lifting of q'f G MdR(/)/Fil 1 to an element of M d n(f) 
satisfying p(rjj) = afrff. 
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Remark 6.5.2. If / is ordinary (so a/ is necessarily the unit root) the class gj coincides with G[e p) 77 “*' 
where 77 ” is the class considered in | DR14 . Proposition 4.6], [LLZ141 Theorem 5.6.2], 

We may lift gj uniquely to a compactly-supported class pJ’ ord in the rigid cohomology of T ord and 
having the same Hecke eigenvalues outside p. 

Remark 6.5.3. The data implicit in a lifting of gj to the compactly-supported cohomology of y ord is a 
choice of local integrals of gj on some sufficiently small annulus along the boundary of each supersingular 
residue disc. 


Proposition 6.5.4. We have 




\ 


rig.Y 


where /?/ = p k+1 £f(p)/af is the other root of the Hecke polynomial of f. 
Proof. This follows from Equation (16.4.11) . since we have 
(Vf ^}rig,Y = (P f' ) ^|v ord )rig,Y ord 



□ 


To proceed further we need a more explicit description of the class ui g U <r r i g . It turns out that we 
only need to consider the image of ui g U cr r i g under a certain projection operator: 

Definition 6.5.5 (cf. IDRl li §2.4]). The unit root splitting of c^^^jg|yord z s the tticlp 

Spl : J^igly^ord —y Fil t^Ogl^ord 

whose kernel is the unit root subspace for the action of Frobenius. 


[k+k'-2j-i,i] 


Proposition 6.5.6. The image of ui' g U er r i g under spl ur is the p-adic modular form 

Proof. Recall that cr r i g = CG&/ k (ccrig), and the pullback of a r i g to the formal scheme y of * 14.5l is given 
by the sum 

k+k' — 2j 

a lig = ~N k+k '~ 2j {-±) k+k '~ 23 ~\k + k'-2j-i)\F^_ ( 

2—0 

In terms of the basis : r + s = A;'} of TSym fc the unit-root splitting spl“ r sends all basis vectors 

to zero except v^ k '°h Hence, by the definition of the trilinear pairing and Proposition 15 .1. 21 we see that 
the linear map given by pairing with G(e~ ;j 1 )g <S> v^ k ,0 ) and applying spl“ r sends all terms in this sum to 
zero except the term for i = k — j; this term is given by 

and Proposition 15.1.21 gives the factor -j)\ ’ which gives the claimed formula. □ 


2i— (k+k' — 2j),k-\-k' — i,b L 


The restriction of the unit-root splitting to the overconvergent (TSym fc Jf^-valued differentials on 
T ord is injective, and (after tensoring with Q(/zjv) to rectify issues with rationality of cusps) its image 
is the space L^) of “nearly overconvergent” p-adic modular forms, in the sense of |DR14l 

Definition 2.6]. 

There is a map, the overconvergent projector , 


n oc 


:M™(N,L , p )—► 


Mt +2 (jV,L'p) 
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(cf. [DR14I Equation (44)]). Composing this with the unit-root splitting gives an isomorphism 

ffi g (y° rd , TSym fe ^ rig ) ® QM = v ® Q(^)- 

0 K+l M_ k (N, Lqj) 

All slopes of the U p operator acting on the denominator 9 k+1 M_ k (N, L<p) are > k + 1, so pairing with 
?fy)’ ord annihilates this space. The quotient is isomorphic to the classical forms of level T\(N(p)) = 
Ti(AT) nr 0 (p), and we obtain the following corollary: 

Corollary 6.5.7. We have 


(VIZ > rig ,y = {-lf- i+1 N k + k, - 2 1{k')\QG{e- 1 ) (l - ^ (r ? ;’ ord ,n oc ( 5 • 


-J+ 1,6 


JV(p) 


and, hence 


AJ 


syn J,g 


K;'A) 


a / \ ^ / a.ord 

’Vf®Ug)=— 7 —]—T 7 W/ A)rig,y 

' Pgip^atj, l 1 

=(—l) k ' ~^ +1 N k+k ' ~ 2j (k')\ (E G^eA 1 ) 


V p q // 


3J 9 fl --E^-Vl -- 4 -) 
V “/“9 / V “/&» / 


x(^ OTd ,n oc ( 5 -FW fe , ife ,_. +li6 )) 


JV(p) 

In order to make the link to p-adic L-functions, we would like a version of this with the Eisenstein 
(v) 

series FfJ b replaced with the “p-depleted” one 

= E d^+vr'K^ + c-i)^)- 

n>0 dd'=n 
p\n 

This is the specialization of a 2-variable p-adic analytic family, with t, s varying over characters of Z* . 
It is easy to see that F k l k , k ,_j +1 b is an eigenvector for U = U p with eigenvalue p fc-J , and evidently 

(1 — VU)Fl%^_ j+ltb = Fjl k , k ,_j +l b 

where V is the right inverse of U given by q q p on Z[[g]]. We also have the following power-series 
identity: 

Lemma 6.5.8. Let R be a commutative ring and let A, B £ i?[[g]] be such that UA = A A — pV A and 
UB = vB. Then we have 


A ■ (1 - VU)B = (1 - XvV + [iv 1 V 2 ) (A ■ B) + (1 - VU) {[jlV 2 (A)B - AV(B)\ . 


□ 


Applying the lemma with A = g and B = F k ^ k , fc ,_ ? . +1 and noting that anything in the image of 
1 — VU is annihilated under projection to a finite-slope /7 p -eigenspace, we can rearrange Corollary 16. 5. 71 
to give the following formula: if £(f, g, 1 + j) ^ 0 then 


( 6 . 5 . 1 ) (AJ syn , /iS (Eisf yn fc / ] ) »»?/ ®^) = (-1 f-^N k + k, - 2 ik')\( k )G(eD 


£{f) 


£{f,9, 1 +j) 

where£(/) and £(f,g,s) are as defined in Theorem [333] (and we assume £(f,g, 1 +j) does not vanish). 
Theorem 6.5.9. Suppose that f is ordinary, with af be the unit root. If £(f,g, 1+j) ^ 0 then we have 

(AJ syni/ , ff (EisJElr) ,V? ®<4) = (-1 f~ j+1 (fcO! (*) GieflGiel) L p (f, g, 1 + j), 

where the p-adic L-function L p (f,g, 1 + j) and the factors £(f) and £*(f) are as defined in Theorem 

im 
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Proof. Since a/ is the unit root, pairing with pj factors through the Hida ordinary idempotent e or d; 
and we have e or d<f> = e or d(n oc </>) for any nearly-overconvergent form (j> [DR.141 Lemma 2.7]. By the 
construction of the p-adic L-function, we have 

N k+k '~ 2j (^’° rd ,e ord (5 • *'}?±k>,k'- J+ i,i)) N(p) = G(eJ 1 )£*{f)L p (f,g, 1 +j). 

(See ILLZ14 . Proposition 5.4.1]; the power of N and the Gauss sum appear because our normalizations 
are slightly different from op.cit ., see Remark |6. 5. 21 and Remark |3. 5. 4IT 1 above). Substituting this into 
equation (16.5.11) gives the stated formula. □ 

Remark 6.5.10. 

(i) The non-vanishing of £(f, g, 1 + j) is automatic, for weight reasons, unless k = k 1 = j. 

(ii) The p-adic Eisenstein series F^}_ k , fc , . +1 b is the same as the one denoted by £b/N(j — k! + 1, k — j) 
in [LLZ141 Definition 5.3.1]. 

(iii) This argument works without the ordinary assumption on /, if we use Urban’s definition of the 
p-adic Rankin-Selberg L- function |Urbl4j . This construction is only written up for N = 1, but the 
extension to general N is immediate. 

(iv) The factors £(/) and £*(f ) can be interpreted as Euler factors attached to the adjoint L-function 
of /, which measures the difference between the period ( 00 /, Cdf) used in defining p} and a “correctly 
normalized” period. 


7. The Perrin-Riou conjecture 

7.1. The Beilinson conjecture. In this section we consider 0 < j < minjfc, fc'} and let / and g be 
new forms of weights fc and fc' and levels Nf , N g dividing N , respectively. We want to prove part of 
Beilinson’s conjecture for L(f,g , s) at s = j + 1. 

With our conditions on j, it follows from the functional equation that L(f,g,s) has a zero of order 
1 at s = j + 1. Denote by L'(/, g,j + 1) the value of the derivative of L(f 1 g,s) at j + 1. Beilinson 
conjectures the following interpretation of this value: 

One expects that there is a Chow motive M(f (8> g)* underlying the realizations discussed so far 
in this paper, whose motivic cohomology Hf uot (Q, AI(f ® g)*(—j)) should be a direct summand of 
^mot(^i(-^) 2 ) TSym^’ fe 1 J^(2 — j )) defined by the action of the Hecke algebra. Unfortunately, the 
existence of the Chow motive M(f <g> g)* is only known in the case of fc = fc' = 0, i.e., if / and g have 
weight 2. Beilinson conjectures further the existence of a subspace of integral elements 

of the motivic cohomology of M(f ® g)* , which should have L-dimension 1 and such that the regulator 
induces an isomorphism 

r H : Hl ot { Z, M(f ® ®qR = H& R, M B (f ® g)*{-j) r). 

In our results, which will be formulated below, we do not have to say anything about the dimension of 
the motivic cohomology. Recall from 15.4Tl the exact sequence 

(7.1.1) 0 ->■ Fir J M dR (f ® g)* R -»■ M B (f ® g)*(-j - 1)+ ->■ R, M B (f ® g)*(-j)n) -»• 0 

and the isomorphism H r (R, M B {f ® g)*{—j) r) — (k erQ: M(/®g)(j-i-i))*- The exact sequence induces an 
isomorphism 

det R 0 L (M B (f ®g)*(-j - 1)£) ® det R 0 L (Fir ' 7 M dR (/ ® p)r ) _1 = det R(8 L {H R (R, M B (f ® g)*(-j)n)). 
Beilinson defines an L-structure on the left hand side as follows: 

Conjecture 7.1.1 (Beilinson). Denote by 

F(M(f ® g)*(—j)) ■= det L (M B {f ® g)*(-j - 1)) ®det L (Fir J M dR (/ ® g)*) 
the one-dimensional L-vector space ofdet B ,®L{Hl l (R,,M B (f®g)*(—j) B )). Then 

r w (^ ot (Z,M(/ ® g)*(-j))) = L\f,g,j + \)K{M{f ® g)*(-j)). 
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Recall from 15.3.11 the Rankin-Eisenstein class 

AJw,/, fl (Eis|5;^) e ^(R,m b (/® 5 )*(-j)r), 
which is by construction in the image of the regulator map 

rn ■ H^ ot (Q,M(f ®g)*(-j)) <E>q R #h(R, M B (f ® g)*(-j)n)- 

Remark 7.1.2. Scholl has defined in [SchOOj a subspace of integral elements in motivic cohomology, which 
coincides with Beilinson’s integral elements if the variety admits a projective, flat and regular model. 
We remark that the motivic Eisenstein class Eis^ t can be defined integrally over the regular model 
Y\ (iV)z over Z by considering the moduli space of elliptic curves with a point of exact order N in the 

r k k' j] 

sense of Drinfeld. With the techniques in loc. cit. one can show that Eisj rl ’ )t ’f‘ N lies in the subspace of 
Scholl’s integral elements. 

Before we formulate our results, we choose bases to make the involved L-structures more explicit. 
Recall that /* and g* denote the forms with complex conjugate Fourier coefficients and that we have 
associated differential forms w/ = f(r){2'K) k+1 w^ k ’^dr. 

Observe that £/* = ef 1 and that G(e/) = £/(— l)G(eJ *) = (—1 ) k+2 G(sJ 1 ). Moreover one has 
G(£/)G(£/) = N Ef . Let M(sj) the Artin motive associated to the character £/. The cup-product 
between cohomology in degree 0 and 1 induces an isomorphism of motives 

(7.1.2) M(e f )(k + 1) ® M(/) “ M(f*)(k + 1) = M(/)*. 

Definition 7.1.3. Denote by w £f £ M dB {£f) and S £f £ M B (e.f) generators such that oj £f = G(ef)S Ef . 
This is possible by (Del791 Section 6.4]. 

Note 7.1.4. We have (2ni) k+1 5 £f £ M B (ef)(k + 1) _ because £/ has parity k + 2. 

Definition 7.1.5. Choose a basis 5^ of M B (f) ± and 5^ of M B (g) ± , so that 

{5+ ® S+, 5+ ® 6~,SJ ® S+, SJ ® S~} 

is an L-basis of M B (f ® g). 

Definition 7.1.6. Let 

Sf, := (2tt i) k+1 S Ef 6j £ M B (f*)(k + 1) ± 

■■= (2 nif +1 S £g Sf £ M B (g*)(k' + 1)± 

We normalize 5 EJ and 5 Eg such that (6^, ,6^) = 1 and (S±,,S±) = 1. 

Definition 7.1.7. Let 

Uf, ■- G{£- f 1 )u ef u f £ M dR (/*) 

:= G{E~ 1 )u Eg u} g £ M dn (g*). 

The next result is crucial for the period computation. 

Lemma 7.1.8. For the Poincare duality pairing ( , ) the following identities hold: 

= (27ri)- k - 1 (-l) k N Ef (u; f ,Sj,) = T(2ni)- k -\-l) k N ef (U f ,,6f.) 

<SV>#> = N eg (ojg,Sf,) = T(2Tri)- k '-\-lfN eg (ZJ g , 7 6f»). 

Proof. Using the definitions, one sees that 

{ujf*,6f) = (G(eJ 1 )u} £f ujf, (2ni)~ k ~ 1 5~^Sj,) 

= (-1 ) k N £f (5 Ef oj f , (2ni)- k - 1 S- 1 Sp 
= (2m)- k - 1 (-l) k N £f (o Jf ,5j,). 

As Fqo ujf = ZJf* and F^SJ, = =F Sj. one gets also 

= T(27r i )- fc - 1 (-l) fc - 1 iV e/ (w/*,^)- 

□ 

Finally, we define a basis for M B (f ® g)*{—j — 1) + = M B (f* <g> g*)(k + k 1 — j + 1) + . 
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Definition 7.1.9. Let 7 *, <5* be the L-basis of Mg(f* ® g*)(k + k' — j + 1) + defined by 

7 j ■= ®8 g 7 1) 

8 * := (27ri)- J '- 1 57. 

We consider uif ®uj g * as a basis of Fil - - 7 M<ir(/ ® g)* via the isomorphism Mdn(f ® g)* = MdR(/* (g) 
g*)(k + k' + 2). With these definitions we are able to give an explicit generator of the L -vector space 
H(M(f®g)*(-j-l)). 

Proposition 7.1.10. In the case where j + 1 is even (resp. odd) the image of the element 

( 2 tt i)- 3 - 1 {(u f .,6p(u g .,6+))- 1 d* (resp. ( 2 tt i) _:,_ 1 ((w/*,^)(a; g *,5j)) _ 1 (5*) 

m 7L^(R, M B (f ® g)*(-j)n) is an L-basis of U(M(f ® g)*(-j - 1)). 

Proof. We treat only the case of j + 1 even. The odd case is entirely similar. Write 

w/. = (ti f *,8p5p + {uif*,6j)6j. 

“g* = (Vg*,6g)8g* + (uJg*,5-)5-, 

and let 7 r_j_i : C —» R(— j — 1) be the projection z >->• \(z + (—1 ) -J-1 z). Then one has (because j + 1 
is even) 

n -j- i(£f* <8>w g .) = {uf.,5fi{u>g*,6+)5p ®6p + {u f *,6j){ug*,6g)6j. ® 8~. 

= (27rf) J+1 ((S / .,d+)(w g .,<5+)7* + {wf.,6j)(w g *,6-)6j). 

The image of the element (27r*) _ - 7_1 ((w/», )(w g *, 5+)) _ 1 5* in L7^(R, Mr(/ ® g)*(—j)n) is a basis 
whose determinant with 7 r_ g _i(w/. ®ui g *) and 7 *,8* is 1 . □ 

With the above notations we get the formula for L'(f,g,j + 1) as in Beilinson’s conjecture. In 
the case k = k' = 0, i.e. j = 0, it was first proved by Beilinson |Bei84| and for general k, k' and 
0 < j < min{fc, k'} it was announced by Scholl (unpublished, but see |Kin98| for closely related results 
in the Hilbert-Blumenthal case). 

Theorem 7.1.11. Let 0 < j < min {k,k'}, then AJ-R./^Eis^’J ’$) generates the L-subspace 

L'(f,g,j + l)K(M(f ®g)*(-j -1)) 

of H^(R, M B (f ® g)*(-j)n). 

Proof. For simplicity we again treat only the case j + 1 even. From Theorem 16.2.91 we get 

/aJ Uj,g (Eis^ ^ , 7— rr- r 7- -p~r (u>f ® iO g + ( — 1) J+ a if ® U) g *) \ = 

\ \ / {cVf,U}f)Y\Wg,U}g)Y / 

(_l)fc-j+l( 27r ^)fc+fc'-2j k \ k '\ 

2(iVf,u)f) Y (u g ,u) g }Y (k - j)\(k'- j)\ ' 9 ' J + 

and a straightforward computation with the basis (27ri) _ - , " 1 ((w/., ^^")(w g ., J+)) _ 1 5* from Proposition 
17.1.101 using Lemma 17.1.81 gives 


(2th) 3 1 ((uj f *,8p(ujg*,6+)) 1 8*,- -—-—- (w/. ®w g + (~iy +1 uj f <g>w g *)\ = 

(UJf , UJf/Y \OJgi iOg ) Y / 


(-l) k + k '2(2m) k+k ' 

NefN S g (iVf , UJj)y (ujg,Ul g )Y 


This gives 


A J n,f, g (vis^)=L'(f,g,j + l) ^ 4 ( 1 ^)S'-1)^" ) 


which implies the assertion of the theorem. 


□ 


For the Perrin-Riou conjecture it is necessary to reformulate the above theorem in terms of a period. 
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Definition 7.1.12. Let 0 < j < min{fc, k'}. The oo-period Lloo{j + 1) of the motive M{f ® g)(j + 1) is 
the element in (L ®q R) x given by the determinant of 

o Fil —J M dR (/ ® gfe —>• M B (f ® <?)*(-j - 1)+ ^ M B (f ® -> 0 

with respect to the bases ujf* ®w g », 7 *, <5* and AJ^j iS (Eis^’^^). 

Remark 7.1.13. Note that Hoo(j + 1) is independent of the choice of bases up to an element in L x . The 

condition in the definition means that under the isomorphism 

(7.1.3) 

det(Fil 3 M dR (/0 g) R ) < 8 > det(M B (f ® g)*(-j - 1) R ) 1 ® det(F^(R, M B (f ® p)*(-j) R )) = £®qR 

the determinants of the corresponding bases map to QqcO + 1 ). 

The next theorem is a reformulation of the Beilinson conjecture for the motive M (/ ® g)(j + 1) with 
the oo-period floo(j + 1 ). 

Theorem 7.1.14. Let 0 < j < min{A:, k'} and L'(f,g,j + 1) € (L ®q R) x be the leading term of the 
L-function of M (/ ® g) at j + 1. Then 

L’(f,g,j + 1) (-1 

^oo(j + l) N Ef N £g k - k '- 

Proof. This is just a reformulation of the computation in the proof of Theorem 17. 1.1 II □ 

7.2. The Perrin-Riou conjecture (p-adic Beilinson conjecture). We continue to assume that /, g 
are new and 0 < j < min{fc, k'}, and we choose a prime p not dividing the levels TV/, N g , and a prime 
above p of the coefficient field L, such that / and g are ordinary at ip. 

To formulate the Perrin-Riou conjecture we first have to define the p-adic period (see IPR951 1. One 
would like to have a p-adic analogue of the complex period map 

a M(f® g )(j+ 1 ) : M B (f®g)(j + 1)£ -> t(M(f ® g)(j + 1)) R . 

The problem is that there is no good p-adic analogue of the two dimensional +-part of Betti cohomol¬ 
ogy. To remedy this defect, Perrin-Riou (as explained by Colmez f lColOOl ) proposes to choose elements 
vi ,..., V 4 € M dR (/ ® g) q p such that Af + := (vi,v 2 ) plays the role of M B (f ® g) + and Af~ := (v 3 , v±) of 
M B (f 0 g)~■ The natural projection to the tangent space induces a map 

:AT { 1)3+1 t(M(f®g)(j + 1))q„. 

For suitable choices of A f ± one gets a short exact sequence 

0 —s- ker(a M (/® g )(j+ 1 ),jy) —t A/” ( x) —> t(M(f ® g)(j + 1))q p —> 0 

Using the pairing M dR (/ ® g)(J + 1 ) x M dR (/ ® g)*{-j) -> £ we can identify t(M(f 0 g)*(-j )) = 
(FiP +1 M dR (/ ® g))* and get 

(7.2.1) 0 —^ Fil 3 M dR (/ ® p)q p —>• (Af^ 3) )* —> ker(akf(/® g )(j+i),.A/’)* —>■ 0. 

If we compose the Abel-Jacobi map as in 45.41 with the canonical projection we get 

(7.2.2) F s 3 yn (Fi(iV)| pl TSym[ fc - fc '](jr Qp )(2-i)) — t(M(f ® s)*(-j)) Qp — ker (a M(f9g)U+1) ^)*. 
In our case we will choose Af + = Af~ : 


Definition 7.2.1. A ssume that aj,a g € L and let rff, r\' g and uj g be the classes defined in \6.5.1[ \ 6.1. 3\ 
and\ 6 AA\ respectively, then we put 


vi = v 3 


N Sf N £: 




and 


v 2 = v 4 = rff 0 rig. 


so that Af := Af + =Af = gfL^ ® M dR (p) Qp C M dR (/ ® g) Qp . 


Remark 7.2.2. Perrin-Riou associates to each choice of Vi,v 2 ,v 3 ,Vi a p-adic L-function. In this paper 
we will restrict ourselves to a choice which gives the p-adic L-function L p (f,g,s). The above formulae 
only define v 2 modulo iq, but this is not important for the constructions below. 


The p-adic period is now defined as follows: 
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Definition 7.2.3. The p- adic period D p (j + l,v) associated to v := (vi,V 2 ,V 3 ,V 4 ) is defined to be 

^p(j + := ^AJsynj.g ^Eisj^ 

where one considers AJ syn ,/,g ^Eis^ as an element in ker(aM(/® g )(j+i),AA)* using^TJT^ 

Remark 7.2.4. 

(i) Colmez chooses a splitting of the exact seauence l7.2.1l and shows that his definition does not depend 
on this choice. We have taken V 2 = V 4 = rff <g> (Hg* to be the element mapping to a generator of 
t(M(f®g)(j + l)) Qp . 

(ii) From the definition and Theorem 16.5.91 one sees that D p (j + l,u) ^ 0 precisely if the p-adic L- 
function L p (f , g , s) does not vanish at s = j + 1. We point out again, that for our choice of j, this 
is not a point of classical interpolation so that we have no control on this vanishing in terms of the 
complex L-function. 


For x € M dR (f ® g)Q p write, as in Colmez [ColOOl . t~ n x £ M<jr(/ ® g)(n ) for the image of x under 
the canonical isomorphism. Note that this is compatible with the isomorphisms M dR (f ® g){n) q p = 
D CI i s (M(f ® g)(n)) = t~ n D CT i s (M(f ® g)) = M dR (f ® g) q p and that <p acts via p~ n on t~ n . Then an 
easy computation using = atfqj gives 


det (l — ip | t i 1 Af) = ^1 — 
t- j - l Af) = (l- 


det (l — p x <p 1 


a f a 9 

pj+i 

pj 

0~ f a* g 


1 - 


1 - 


pj+i 

jfi_ 

a fPg 


so that 


(7.2.3) 


+ 1 ) = 


det 


(l — p v 1 


t J W) det (l - <p | D clis (M(f ® g)(j+ 1))) 


det (l — ip | t~t~ l J\f) 


Definition 7.2.5. Denote by 

A{p}(/,5, j + 1 ) 

the derivative of L(f,g , s) at s = j + 1 without the Euler factor at p, which is det (l — <p | D cr i s (M(/ ® 
9){j + !)))• 

The next Theorem is Perrin-Riou’s conjecture IPR951 4.2.2] (see also Colmez (ColOOl Conjecture 2.7]) 
for Hida’s p-adic Rankin-Selberg L-function. 


Theorem 7.2.6. Let L p (f,g : s) be Hida’s p-adic Rankin-Selberg L-function and let 0 < j < min(fc,fc / ). 
Suppose that Ll p (j + 1, u) ^ 0 holds. Then 


u L '{p}(f,9,j + l) 


L p (f,g,j+ 1) = 4- 1 (-l) fc ' +1 r(j+l)r(j-fc / )*G(e7 1 )G(gg 1 ) ^ { ^ 1 , 1 ^ 


where T(j — k')* = ^-j)! is the residue ofT(s) at s = j — k'. 

Proof. By Theorem 16.5.91 and the above calculation of the action of one has 

1 — p -1 p - 


^ p(j + 1 ) 


1 - <p 

= (-!)*>')!(: 
which gives using (17.2.311 


\ t) -.7-i t .) - ( 1) ,+i det ( 1 -P~V M* J / AJ { Eis [fe ’ fe ’ j]N ) 

1 J j det (1 - ip | t-i-W) \ ^ v "' /u l )’ Vl / 

L P (f,g,j + 1 ), 


k ' nJ . (k\ G(e f )G(e g 1 )N Ef N Eg det (l-p V 1 \t 3 W) 


n P (j + i , 1 = (-1 f{k'y/ k 

1 — <0 


j) £{fj + 1) det (1 - p | t-J-W) :P 

G( £ f 1 )G{s~ 1 )N ef N eg 


'\jj det (l - <p | D clis (M(f ® g)(j + 1))) 


L P {f,g,j + !)• 


On the other hand, by Theorem 17. 1.141 we have 


4-^(7 + i)r(j - k') 




-1 


fioo(j' + l) N ef N e k'\\j 


-1 


det (l - <p | D cris (M(/®p)(j + 1 ))), 


□ 


which proves the theorem. 
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